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Preface
In the Name of Allah, the merciful and compassionate

We found the success of holding the first National Conference on biomathematics
at the University of Neyshabur with the great effort of professors and students and
supporting of the Department of Mathematics and Statistics, as well as the author-
ities of the University of Neyshabur and various organizations of the country. By
presenting the latest scientific achievements and creating an atmosphere of discus-
sion between academics, researchers and experts in this field, a stronger relationship
between the academics of the Ministries of Science, Research and Technology and
Health, Treatment and Medical Education has provided which will led to a more
favourable quality of people’s life. In this conference 3 key lectures ”On optimal pre-
scribing of Tamoxifen in controlling bone metastases”, ”Modelling the outcome of
AIDS patients infected by differential equations” and ”Analyzing single cells” were
presented by the invited professors. Applicants attending the conference sent 62
papers to the secretariat, among which the scientific committee of the conference
along with judges, accepted 24 articles as lectures, 27 papers as poster presentation
and 1 subject as presenting workshop.

We sincerely appreciate the professors of universities throughout the country,
especially members of the executive and scientific committees which their collabo-
ration in proposing the useful suggestions has been a great help to make better the
conference and the scientific texts of this book. In the end, the scientific committee
deeply appreciate the honest efforts of all the officials, faculty and students of the
department of mathematics and statistics, faculty of sciences and the staff of various
parts of the University of Neyshabur.

Academic Committee
March 2019
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Picard iteration method for ecological models; growth rate
Ehsan Ameli∗, Mohammad Hosein Rahmani Doust and Ehsan Anjidani

Department of Mathematics, Neyshabur University, Neyshabur, IRAN

Abstract:
The present paper deals with the growth rates such as exponential growth rate,

harvest exponential growth rate and allometric growth rate equations. First, these
models are introduced and then, their solutions are investigated by picard iteration
method.

Keywords: Growth Rate, Differential Equation, Ecological Modeling, Picard It-
eration Method Mathematics Subject Classification (2010): 92D40, 45E10

1 Introduction
Ecology, basically studies the relationship between species and their environment.This
study is in such areas as population changes, predator-prey and competition inter-
actions, multi-species societies, renewable resource management and etc. The study
of population changes has a very long history: Fibonacci, in his arithmetic book in
1202 set a model involving an hypothetical growing rabbit population (3).
Thomas Malthus published a book in 1798 stating that populations with unlimited
natural resources grow very rapidly, after which population growth decreases as re-
sources become depleted. This accelerating pattern of increasing population size is
called exponential growth (4).

∗Speaker: ameliehsan73@gmail.com
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Figure 1: The exponential growth rate

Julian Huxley and Georges Teissier coined the term 2allometry2 in 1936. Allom-
etry designates the changes in relative dimensions of parts of an organism that are
correlated with changes in overall size (1).

Figure 2: The allometric growth rate, xpyq “ kya

In this paper, first the exponential growth rate, harvest exponential growth rate
and allometric growth rate are introduced. Then, the solutions of these equations
are investigated in the section of 3.

2 Preliminaries and models

2.1 The Exponential Growth Rate

Let t be as time and xptq as density of population. The exponential growth rate
may be written as following form:

$

&

%

x1 “ rx,

xp0q “ x0,
(2.1)
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where r is a constant and x0 is an initial value.
It is obvious that the solution of the above Initial Value Problem (I.V.P ) is given
as follows:

xptq “ x0e
rt.

2.2 The Exponential Growth Rate; Having Constant Har-
vesting Factor

By considering constant harvesting factor the following model may be found. This
model can be as

$

&

%

x1 “ rx ´ h,

xp0q “ x0,
(2.2)

where r and h are positive constants and x0 is an initial value. The solution of model
(2) is

xptq “ px0 ´
h

r
qert `

h

r
.

2.3 The Allometric Growth Rate

Two sizes x and y are allometrically related if their relative growth rates are propor-
tional, or

x1

x
“ a

y1

y
, a ą 0. (2.3)

Then, the solution of this equation is given as follows:

xpyq “ x0p
y

y0
qa

where x0 and y0 are initial values (2).

3 Main results
In this section, we present a theorem by using picard iteration method. In fact, this
method finds the solutions in the form of series for the models introduced in the
previous section.

Theorem 3.1. The following statments for exponential growth rate, harvest expo-
nential growth rate and allometric growth rate are true:

piq The exponential growth rate (2.1) has solution
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xptq “ x0
8
ř

k“0

prtqk

k!
,

where r is a positive constant and x0 is an initial value.
piiq The harvest exponential growth rate (2.2) has solution

xptq “

ˆ

x0 ´
h

r

˙

8
ř

k“0

prtqk

k!
`
h

r
,

where r and h are positive constants and x0 is an initial value.
piiiq The allometric growth rate (2.3) has solution

xpyq “ x0
8
ř

k“0

paLn
y

y0
qk

k!
,

where a is a positive constant and x0 and y0 are initial values.

Proof. piq Consider the sequence of approximate solutions

xn`1ptq “ x0 `
şt

0 rxnpsqds, xp0q “ x0.

Then,

x1ptq “ x0 `
şt

0 rx0ds “ x0 `
“

rx0s
‰t

0 “ x0p1 ` rtq,

x2ptq “ x0`
şt

0 rx1psqds “ x0`rx0
şt

0p1`rsqds “ x0`rx0
“

s`
r

2
s2

‰t

0 “ x0p1`rt`
r2

2!
t2q,

x3ptq “ x0 `
şt

0 rx2psqds “ x0 `
şt

0 rx0p1 ` rs `
r2

2
s2qds “

x0 ` rx0
“

s `
r

2
s2 `

r2

6
s3

‰t

0 “ x0p1 ` rt `
r2

2!
t2 `

r3

3!
t3q.

By these expressions, it is easy to guess the nth approximation

xnptq “ x0p1 ` rt `
r2

2!
t2 ` . . . `

rn´1

pn ´ 1q!
tn´1 `

rn

n!
tnq “ x0

n
ř

k“0

prtqk

k!
.

In this manner, we find out a sequence of approximate solutions for the I.V.P . Thus

xptq “ lim
nÑ8

xnptq “ x0
8
ř

k“0

prtqk

k!
“ x0e

rt.

piiq Consider the iteration scheme:

xn`1ptq “ x0 `
şt

0prxnpsq ´ hqds, xp0q “ x0.

Hence

x1ptq “ x0 `
şt

0prx0 ´ hqds “ x0 `
“

prx0 ´ hqs
‰t

0 “ x0 ` px0 ´
h

r
qrt.

Put A “ x0 ´
h

r
. Then, we have
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x1ptq “ x0 ` Art, x2ptq “ x0 `
şt

0prx1psq ´ hqds “ x0 `
şt

0rrpx0 ` Arsq ´ hs ds “

x0 `
“

rx0s ` A
r2

2
s2 ´ hs

‰t

0 “ x0 ` Art ` A
r2

2!
t2;

x3ptq “ x0 `
şt

0prx2psq ´ hqds “ x0 `
şt

0rrpx0 ` Ars ` A
r2

2
s2q ´ hs ds “

x0 ` Art ` A
r2

2!
t2 ` A

r3

3!
t3.

It is easy to guess the nth approximation

xnptq “ x0 ` Art ` A
r2

2!
t2 ` A

r3

3!
t3 ` . . . ` A

rn´1

pn ´ 1q!
tn´1 ` A

rn

n!
tn “

x0 ` A
n
ř

k“1

prtqk

k!
“
h

r
` A

n
ř

k“0

prtqk

k!
.

Therefore

xptq “ lim
nÑ8

xnptq “ px0 ´
h

r
q

8
ř

k“0

prtqk

k!
`
h

r
“ px0 ´

h

r
qert `

h

r
.

piiiq Consider the allometric growth equation

x1

x
“ a

y1

y
, a ą 0.

It follows that dx
x

“ a
dy

y
and we get x1 “ a

x

y
. Now by using iteration scheme for

this equation, we have

xn`1pyq “ x0 ` a

ż y

y0

xnpsq

s
ds, xpy0q “ x0,

x1pyq “ x0 ` a

ż y

y0

x0

s
ds “ x0 ` ax0

“

ln s
‰y

y0
“ x0p1 ` a ln

y

y0
q,

x2pyq “ x0 ` a

ż y

y0

x1psq

s
ds “ x0 ` ax0

ż y

y0

1 ` a ln
s

y0
s

ds

“ x0 ` ax0 ln
y

y0
` a2x0

ˆ

şy

y0

ln s

s
ds ´

şy

y0

ln y0

s
ds

˙

“ x0 ` ax0 ln
y

y0
` a2x0

“1
2

pln2y ´ ln2y0q ´ ln y0pln y ´ ln y0q
‰

“ x0

ˆ

1 ` a ln
y

y0
`
a2

2!
ln2 y

y0

˙

.



Picard iteration method for ecological models; growth rate 6

x3pyq “ x0 ` a

ż y

y0

x2psq

s
ds “ x0 ` ax0

ż y

y0

1 ` a ln
s

y0
`
a2

2
ln2 s

y0
s

ds

“ x0 ` ax0 ln
y

y0
`
a2x0

2
ln2 y

y0
`
a3x0

2

ż y

y0

pln s ´ ln y0q2

s
ds

“ x0 ` ax0 ln
y

y0
`
a2x0

2
ln2 y

y0
`
a3x0

2

”

ż y

y0

ln2s

s
ds ´ 2ln y0

ż y

y0

ln s

s
ds ` ln2y0

ż y

y0

1
s
ds

ı

“ x0 ` ax0 ln
y

y0
`
a2x0

2
ln2 y

y0
`
a3x0

2

”1
3

pln3y ´ ln3y0q ´ ln y0pln2y ´ ln2y0q ` ln2y0pln y ´ ln y0q

ı

“ x0p1 ` a ln
y

y0
`
a2

2!
ln2 y

y0
`
a3

3!
ln3 y

y0
q.

And so, the following nth approximation will be guessed

xnpyq “ x0p1 ` a ln
y

y0
`
a2

2!
ln2 y

y0
` . . . `

an´1

pn ´ 1q!
lnn´1 y

y0
`
an

n!
lnn y

y0
q “

x0
n
ř

k“0

pa ln
y

y0
qk

k!
.

Therefore

xpyq “ lim
nÑ8

xnpyq “ x0
8
ř

k“0

pa ln
y

y0
qk

k!
“ x0e

a ln
y

y0 “ x0p
y

y0
qa.

4 Conclusion

In this research work, we used the picard iteration method to find the solution of
equations related to three models of the growth rates. These obtained series are
Maclaurin expansions for the classical solutions.
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Meshless method for solving a equation arisen form the
spatial spread of an epidemic
Fatemeh Asadi-Mehregan∗, Pouria Assari

Department of Mathematics, Faculty of Sciences, Bu-Ali Sina University, Hamedan, Iran

Abstract:
The model of the spread of an infection within a spatially distributed population

under some epidemiological assumptions can be simulated by a nonlinear integral
equation of mixed Volterra-Fredholm type. In this paper, we intend to propose a
computational method for solving these types of biological problems. The presented
scheme utilizes the shape functions of the local radial basis functions constructed on
distributed data as a basis in the discrete collocation method. The algorithm of the
new approach is computationally attractive and easy to implement on computers.
Since the scheme does not require any mesh generations on the domain, it can be
identified as a meshless method. The validity and efficiency of the new technique
are demonstrated through one numerical example.

Keywords: Infectious contagion equation, Computational biology, Volterra-
Fredholm integral equation, Meshless method Mathematics Subject Classifi-
cation (2010): 13D45, 39B42

1 Introduction
Consider a population living in a habitat Ω (a closed subset of Rd) and susceptible
to some contagious disease. The main aim is to give a heuristic derivation of an
equation for the evolution of an epidemic among the population on the basis of some
simple assumptions (7). It should be noted that the infection is the only dynamical
phenomenon which investigates in the current model. But to study this phenomenon

∗Speaker: f.asadi@sci.basu.ac.ir
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due to time dependence, as in other time-dependent models, it is assumed that
contagious disease does not depend on factors associated with this parameter such as
birth, migration, and other contamination factors. In addition, the contamination
from the disease is assumed to affect the other sites in terms of sensitivity and
vulnerability at one point. Therefore, the transmission and transmission of infectious
diseases depends on the location and the time.

Let Spt,xq and Ipt,xq denote the density of susceptibles and infectives, respectively,
at time t and the position x. Let ipt, τ,xqdτ be the density of infectives which were
infected some time between t ´ τ and t ´ τ ´ dτ (7). Then

Ipt,xq “

ż 8

0
ipt, τ,xqdτ. (1.1)

The susceptible individuals are infected by the infectious influence and become in-
fectious themselves after a period the length of which depends on their resistance to
the disease as well as on the strength of the infectious influence. We suppose that
an individual, once it has been infected, cannot become susceptible again (7).

Let the infectivity B “ Bpt,xq be defined as the rate at which susceptibles become
infective. The basic assumptions in this paper are as follows (7):

i: the disease induces permanent immunity, so the transition from I to S does not
Occur,

ii: a nonnegative function Apτ,x, ξq is given such that

Bpt,xq “

ż 8

0

ż

Ω
ipt, τ, ξqApτ,x, ξqdξdτ.

Thus, Apτ,x, ξq describes the infectivity at x due to one infective of ’age of illness’
τ at ξ. Many characteristics of both the disease and the habitat are in fact incorpo-
rated in A.

The above definitions and assumptions lead to the following system of dynamical
equations:

BS

Bt
pt,xq “ ´Spt,xqBpt,xq,

ipt, 0,xq “
BS

Bt
pt,xq,

ipt, τ,xq “ ipt ´ τ, 0,xq.
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It is easy to see that

BS

Bt
pt,xq “ Spt,xq

"
ż t

0

ż

Ω

BS

Bt
pt ´ τ, ξqApτ,x, ξqdξdτ ´ hpt,xq

*

,

where
hpt,xq “

ż 8

0

ż

Ω
ip0, τ, ξqApt ` τ,x, ξqdξdτ.

How to spread and analyze the spread of an infectious disease can be examined using
the following time-dependent integral equation (7):

upt,xq “

ż t

0

ż

Ω
gpupt ´ τ, ξqqS0pξqApτ,x, ξqdξdτ ` fpt,xq, (1.2)

where

upt,xq “ ´ ln Spt,xq

S0pxq
, gpzq “ 1 ´ e´z, fpt,xq “

ż t

0
hpτ,xqdτ.

In the literature, the nonlinear Volterra-Fredholm integral equation (1.2) is known
as the equation of the epidemiological distribution of epidemics which was first
examined by Deikmann in 1978 (7).

In the past few decades, radial basis functions (RBFs) as an effective meshless
technique have been applied for interpolating a function over a set of scattered points.
Since the classical RBFs are global functions, the resultant coefficient matrix with
respect to them will be full and large when many points in the domain are considered
for obtaining high-order accurate results (10). Although this coefficient matrix is
non-singular, usually it is ill-conditioned, i.e. the condition number of this system is
very large and so a small perturbation in the initial data may produce a large amount
of perturbation in the solution (10). To overcome these difficulties, the advantages
of RBFs with local supports can be utilized which called local radial basis functions
(LRBFs) investigated in the manuscripts (8; 9). To construct the approximation
function by LRBFs, the only geometrical data needed are used fallen within local
influence domain. Therefore, LRBFs needs much less computational work than the
globally supported RBFs and eventually, the interpolation matrix of LRBFs will be
well-conditioned.

In the current study, we present a method for obtaining the numerical solution
of nonlinear Volterra-Fredholm integral equation (1.2). The method is based on the
discrete collocation method by combining the locally supported radial basis functions
are used to approximate the mentioned integral equations. The scheme uses the
composite Gauss-Legendre quadrature rule to compute its integrals. Furthermore,
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the technique can be easily expanded to most classes of integral equations. It is seen
that the presented method in the current paper in comparison with the method based
on the globally supported RBFs for solving integral equations is well-conditioned and
has much fewer volume computing.

2 Local radial basis functions

To approximate a function upxq at an arbitrary point x P Ω Ă Rd using the global
radial function Φpxq “ ϕp}x}q we can give the following linear combination (10):

upxq « GNupxq “

N
ÿ

i“1
ciϕp}x ´ xi}q, x P Ω. (2.1)

To determine the values of the coefficients tc1, ..., cN u, one can evaluate the expansion
(2.1) at all nodal points X “ tx1, ...,xN u by the interpolation equations.
Suppose tΩiu

N
i“1 is an open bounded cover for Ω. Therefore, a function upxq on

Ωi, i “ 1, ..., N, cab be estimated as follows:

upxq « Liupxq “
ÿ

jPIi

ci
jϕ

ip}x ´ xj}q, x P Ωi, (2.2)

where Ii is the set of indexes corresponding to points fallen within the influence
domain Ωi (or cover) with the cardinal number |Ii| “ ni.
In the expansion (2.2), the coefficients tci

jujPIi
are determined by enforcing the in-

terpolation conditions
Liupxjq “ uj. (2.3)

Therefore, we can rewrite the interpolation problem as the matrix form

BiCi “ Ui, (2.4)

where
Ui “ ru1, u2, ..., uni

sT , Ci “ rci
1, c

i
2, ..., c

i
ni

sT , (2.5)

and Bi is an ni ˆ ni real symmetric coefficient matrix.
Therefore, we can represent the expansion (2.2) as (5; 6)

Liupxq “
ÿ

jPIi

ujψ
i
jpxq, (2.6)
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where
ψi

jpxq “
ÿ

kPIi

rBi´1
skjϕ

ip}x ´ xk}q, j P Ii. (2.7)

We explain the LRBF collocation method to approximate a function upxq at an
arbitrary point x P Rd utilizing the RBF Φpxq “ ϕp}x}q by a linear combination as
follows:

upxq «

N
ÿ

i“1
uiψ

i
ipxq, x P Ω, (2.8)

where the functions ψi
ipxq are called as the shape functions for the LRBF interpola-

tion which satisfy the Kronecker delta condition (8).

3 Solving infectious contagion equation

We give the d-dimensional Volterra-Fredholm integral equations as follows:

upt, x1, ..., xdq “

ż t

0

ż

Ω
gpupt´τ, ξ1, ..., ξdqqS0pξ1, ..., ξdqApτ, x1, ..., xd, ξqdξ1, ..., dξddτ`fpt, x1, ..., xdq,

(3.1)
where pt, x1, ..., xdq P r0, 1s ˆ Ω “ D. In the collocation method, to determine
the coefficients tc̄iu, we replace the unknown function upt, x1, ..., xdq by the LRBF
interpolation expansion and pick up the nodal points ptj, x1j

, ..., xdj
q, j “ 1, ..., N

in the integral equation (1.2) as follows:

N
ÿ

i“1
c̄iψ

i
iptj, x1j

, ..., xdj
q “

ż tj

0

ż

Ω
g

˜

N
ÿ

i“1
c̄iψ

i
iptj ´ τ, ξ1, ..., ξdq

¸

ˆ

S0pξ1, ..., ξdqApτ, x1j
, ..., xdj

, ξ1, ..., ξdqdξ1, ..., dξddτ ` fptj, x1j
, ..., xdj

q.(3.2)

Since the support of the shape functions ψi
ipt, x1, ..., xdq is

Di “ rti ´ ri, ti ` ris ˆ rx1i
´ ri, x1i

` ris ˆ ... ˆ rxdi
´ ri, xdi

` ris.

Now by applying the Kronecker delta condition, the system (3.2) converts to

c̄j “

ż tj

αi

˜

ż β1i

α1i

...

ż βdi

αdi

g

˜

N
ÿ

i“1
c̄iψ

i
iptj ´ τ, ξ1, ..., ξdq

¸

S0pξ1, ..., ξdqApτ, x1j , ..., xdj
, ξqdξ1, ..., dξd

¸

dτ`fptj , x1j , ..., xdj
q,

(3.3)
where αi “ maxt0, ti´riu, αpi

“ maxt0, xpi
´riu and βpi

“ mint1, xpi
`riu for every p “

1, ..., d.
Using the m-point Gauss-Legendre quadrature rule relative to the coefficients tvku
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and weights twku in the interval r´1, 1s. Then the nonlinear system (3.3) gets re-
placed by

c̄j “
ptj ´ αiqpβ1i

´ α1i
q...pβdi

´ αdi
q

2d`1

m
ÿ

k“1
wk

m
ÿ

k1“1
...

m
ÿ

kd“1
wk1 ...wkd

ˆ

g

˜

N
ÿ

i“1
c̄iψ

i
iptj ´ θk,i, θk1,i...θkd,iq

¸

S0pθk1,i...θkd,iqApθk,i, xj, θk,iq ` fptj, x1j
, ..., xdj

q,(3.4)

where θk,i “ 1
2rαi ` tj ` ptj ´αiqvks and θkp,i “ 1

2 rαpi
` βpi

` pβpi
´ αpi

qvks for every
p “ 1, ..., d.
Therefore solving equation (3.1) leads to find tĉ1, ..., ĉN u and the values of upt, x1, ..., xdq

at any point pt, x1, ..., xdq P D can be approximated by

ûN pt, x1, ..., xdq “

N
ÿ

i“1
ĉiψ

i
ipt, x1, ..., xdq, pt, x1, ..., xdq P D. (3.5)

Example 1. In order to demonstrate the effectiveness of the proposed method, we
solve the integral equation

upt, xq “

ż t

0

ż

Ω

xp1 ´ ξ2q

p1 ` tqp1 ` τ 2q
p1´ep´upξ,τqqqdξdτ´ln

ˆ

1 `
xt

1 ` t2

˙

`
xt2

8p1 ` tqp1 ` t2q
, pt, xq P r0, 1sˆΩ,

with Ω “ r0, 1s and the exact solution uexpt, xq “ ´ ln
´

1 ` xt
p1`t2q

¯

.
Table 1 reports }e}8, }e}2 and the values of the ratio at different numbers of N .
The obtained errors for different numbers of N are drawn in the logarithmic mode
in Figure 1. In computations, we put c “ 0.2 ˆ

?
N for local Gaussian (LGA)

and c “ 10?
N

for local inverse multiquadrics (LIMQ), respectively. We have written
all routines in ”Maple” software with the ”Digits” 20 (Digits environment variable
controls the number of digits in Maple) and a Laptop with 2.10 GHz of Core 2 CPU
and 4 GB of RAM has been used to run these.To solve the final nonlinear system
of algebraic equations the ”Fsolve” command has been employed based on the use of
oating-point arithmetic.
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Abstract:
In this work, for a parallel discrete dynamical system over directed dependency

graph associted to the maxterm MAX we find some criteria under which an arbi-
trary MAX ´ PDDS be a fixed point system. Also we will find a condition under
which every point of a MAX ´ PDDS is either an eventually fixed point or an even-
tually 2 ´ periodic point.
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1 Introduction
As an efficient formalism to describe the dynamics of biological systems, we can use
the Boolean networks which are a spcial case of finite dynamical systems. Boolean
networks were first introduced by Kauffman (20; 21) to model the gene regulatory
networks. Finite dynamical systems, especially Boolean networks, use to model in
various biology processes, such as gene regularity networks, signaling networks and
Systems biology and etc. (18; 19)

A finite dynamical system is a function f : X Ñ X, where X is a finite set.
The dynamics of f is generated by iteration of f . In this paper, we consider f :
Fn

2 Ñ Fn
2 “ pf1, . . . , fnq, where n ě 1 and each coordinate function fi : Fn

2 Ñ F2 is
a Boolean function of the n variables x1, . . . , xn. Associated to a Boolean network
,f , one can construct a direced (undirected) graph which is called dependency graph
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representing dependencies of variables and Boolean functions in f . If variables in the
system are updated in a synchronous manner then the system is named a parallel
dynamical system (PDS), while if they are updated in an asynchronous manner, the
system is named a sequential dynamical system (SDS). In this context, we assume
that an entity (variable) influences another one but not vice versa, therefore we have
a directed graph. Applications of finite dynamical systems (in particular Boolean
networks) show that finding the relationship between the structure of the system
and the resulting dynamics is very important. (12; 13; 14; 16; 15)

In this paper, corrosponding to a each direced graph D “ pV,Eq on the vertex
set V “ t1, 2, . . . , nu, we dertemine a finite dynamical system

f : t0, 1un Ñ t0, 1un

fpx1, . . . , xnq “ py1, . . . , ynq

such that each yi is given by the local function fi defined on the states of the influ-
encing vertices and the vetrex i. Note that the directed graph D is the dependency
graph of f . We assume that all entities are updated in a synchronous manner, so
we have a parallel dynamical system. An OR ´ PDDS (resp. AND ´ PDDS) is a
parallel dynamical system over direced graph in which each Boolean function only
uses disjunction (conjunction) operator on the variables. Also when each Boolean
function f is a maxterm (resp. minterm), the system is called MAX ´ PDDS
(MIN ´ PDDS). Hear, by maxterm (resp. minterm) we mean fpx1, . . . , xnq “

z1 _ ¨ ¨ ¨ _ zn presp. fpx1, . . . , xnq “ z1 ^ ¨ ¨ ¨ ^ znq, where zi “ xi or zi “ x1
i.

In (12; 13) it have been proved that for a parallel discrete dynamical system over
a simple graph corresponding to a maxterm OR (resp. minterm AND) only fixed
or evetually fixed points exist while for a general MAX ´ PDS (resp. MIN ´ PDS)
either fixed points or 2 ´ periodic orbit can appear. Moreover in (13) the authors
demonstrated that orbits with different periods can not coexist. In (12) the au-
thors have shown that all orbits of an OR ´ PDDS (rsep. AND ´ PDDS) are fixed
points or eventually fixed points, as occure over simple dependency graph. Also
they proved that in general case of maxterms (resp. minterms) corresponding to
the MAX ´ PDDS (MIN ´ PDDS) any period can appear unlike case MAX ´ PDS
(MIN ´ PDS). These results were a motivation that in (17) the orbit structure
of parallel dynamical systems over some special directed graph classes have been
studied.

In this paper, our principal aim is to find some criteria under which an arbitrary
MAX ´ PDDS be a fixed point system. Also we will find a condition under which
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the orbit strucure of a MAX ´ PDDS has a similar manner to a general MAX ´ PDS.
It means every point of a MAX ´ PDDS is either an eventually fixed point or an
eventually 2 ´ periodic point.

2 Preliminaries
Let X be a non-empty finite set and f : X Ñ X be a map. Then pX, fq is called
a finite dynamical system. Often we simply say that f is dynamical system on X.
A point p P X is called a fixed point if fppq “ p and p is called a periodic point of
period t ą 0 when f tppq “ p and for each 0 ă s ă t, f sppq ‰ p. So, any fixed point
is a point of period 1. We say that f is a fixed point system if all p P X is eventually
a fixed point which means that for some m P N and any p P X, fmppq “ fm`1ppq.

A path from a vertex i to a vertex j in a directed graph D “ pV,Eq is a sequence
of vertices i “ i0, i1, . . . , in “ j that between any pair of vertices, there is an arc
connecting them. An arc i Ñ j in a directed graph D denoted by pi, jq. We say
that directed graph D “ pV,Eq is a strongly connected if for all the pair of vertices
i, j P V , there exists a path from i to j and another one from j to i.

Let n be a positive integer. We are going to study dynamical systems on X “

t0, 1un that defined by Boolean functions.

Definition 1. A function
f : t0, 1un ÝÑ t0, 1u,

is a Boolean function when fpx1, . . . , xnq is obtained from x1, . . . , xn P t0, 1u using
the logical AND p^q, the logical OR p_q, the logical NOT p1q. A function f is
called maxterm (resp. minterm) of n variables if

fpx1, . . . , xnq “ z1 _ ¨ ¨ ¨ _ zn

presp. fpx1, . . . , xnq “ z1 ^ ¨ ¨ ¨ ^ znq,

where zi “ xi or zi “ x1
i.

We consider parallel dynamical systems associated to directed graphs. Let D “

pV,Eq be a directed graph on the vertex set V “ t1, . . . , nu and the arc set E.
For each i P V and Q Ď V , we consider all the vertices that influence them in an
updating of the system, thus we denote

IDpiq “ tj P V ; pj, iq P Eu

IDpQq “ YiPQIDpiq.
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Let f : t0, 1un ÝÑ t0, 1u be a Boolean function. We define a dynamical system by
means of f and D as

fD : t0, 1un ÝÑ t0, 1un,

fDpx1, . . . , xnq “ py1, . . . , ynq

where each yi is the updated state of entity i by applying a local function fi over
the states of the entiteties in tiu Y IDpiq.

3 Main results
In the following, we assume that f is a MAX ´ PDDS corresponding to a directed
graph D and Wf Ď V pDq(resp. W 1

f Ď V pDqq is the set of vertices in V pDq such
that the corresponding variables in MAX ´ PDDS appear in the usual (resp. com-
plemented) form. Note that Wf Y W 1

f “ V pDq and Wf X W 1
f “ H.

Theorem 3.1. (15, Theorem 1) Let OR ´ PDDS be a parallel dynamical system
over a directed dependency graph D “ pV,Eq. Then all the orbits of this system are
fixed point or evetually fixed point.

Theorem 3.2. (15, Theorem 3, theorem 4) Let MAX ´ PDDS be a general parallel
dynamical system over a directed dependency graph D “ pV,Eq. Then periodic orbits
of any period can appear.

By the above result, for the general case of maxterms we can have coexistence
of different periodic orbits depending on the sructure of the dependency graph. Mo-
tivated by this corollary, in the following we find some conditions under which an
arbitrary MAX ´ PDDS be a fixed point system. We start with the crucial theorem
for characterizing some MAX ´ PDDSs which are fixed point systems.

Theorem 3.3. Let MAX ´ PDDS be a parallel dynamical system over a directed
dependency graph D “ pV,Eq and let p “ pa1, . . . , anq be a fixed point of f . Then ev-
ery entity i whose state variable in MAX appears in complemented form is adjacent
to an entity j whose state variable in MAX is in usual form and pj, iq is an arc. In
the other words, for all i P W 1

f there esixts a vertex j P Wf such that pj, iq P E.

Now we are ready to assert our main results.

Theorem 3.4. Let f be a MAX ´ PDDS over a directed dependency graph D “

pV,Eq. Let for all entity i whose state variable in MAX appear in complemented
form there exists an entity j whose state variabe in MAX is in usual form shuch
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that pi, jq, pj, iq are the arcs in D (in other words for all i P W 1
f there exists an

entity j P Wf such that pi, jq, pj, iq P E). ( nemidonestam kodam tarze nevetiotan
behtare???). Then f is a fixed point system.

Theorem 3.5. Let f be a MAX ´ PDDS over a directed dependency graph D “

pV,Eq and let D|Wf
be a strongly connected such that for all entity i whose state

variable in MAX appear in complemented form there exist entities j1, j2 whose state
variabes in MAX are in usual form and pi, j1q, pj2, iq P E. (in other words for all
i P W 1

f there exist entities j1, j2 P Wf such that pi, j1q, pj2, iq P E) Then f is a fixed
point system.

Now for each p “ pa1, a2, . . . , am, am`1, . . . , anq P t0, 1un, Without losing gener-
ality, suppose we arrang the entities in p where 1, . . . ,m are in complemented form
and m ` 1, . . . , n are in usual form.

Theorem 3.6. Let f be a MAX ´ PDDS over a directed dependency graph D “

pV,Eq and let D|Wf
be a strongly connected such that for all entity i whose state vari-

able in MAX appear in complemented form there exists an entity j whose state vari-
abes in MAX are in usual form and pj, iq P E. (in other words for all i P W 1

f there
exists an entity j P Wf such that pj, iq P E) Then p “ pa1, a2, . . . , am, am`1, . . . , anq

is an evetually fixed point converge to p1, 1, . . . , 1q if for all 1 ď j ď m we have
aj “ 1.

At the last result, we detect a condition for a MAX ´ PDDS having either evet-
ually fixed ponits or evetually 2 ´ periodic points.

Theorem 3.7. Let f be a MAX ´ PDDS over a directed dependency graph D “

pV,Eq and let D|W 1
f

contains(includes) no cycle. Then every point of f is either
eventually fixed point or evetually 2 ´ periodic point.
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Abstract:
In a mathematical model of cancer virotherapy, the next generation matrix, the

basic reproduction rate and an immune response reproductive number are calculated.
Moreover, a stability analysis of the equilibria of therapy failure and partial success
is investigated.
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1 Introduction

An autonomous model for tumors with virotherapy models was proposed by Dingli
et al. (23) as follows:

$

’

’

’

&

’

’

’

%

dy
dt

“ ryr1 ´ py ` xqϵ{Kϵs ´ kyv, yptvq “ yv,

dx
dt

“ kyv ´ δx, xptvq “ 0,
dv
dt

“ αx ´ ωv, vptvq “ v0,

(1.1)

where, yptq, xptq, and vptq represent the population dynamics of uninfected tu-
mor cells, virus-infected tumor cells, and free infectious virus particles, respec-
tively. Uninfected tumor cells are produced at a generalized logistic growth rate
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of ryr1 ´ py ` xqϵ{Kϵs. These cells may come into contact with the virus and be-
come infected at rate kyv. Virus-infected tumor cells naturally die at rate δx; the
virus is replicated at rate x; and the virus is eventually extinct at rate ωv. The virus
treatment is assumed to begin at time t “ tv.
In this paper, a mathematical model based on Dingli et al. (1.1) is developed. The
virus-specific and tumor-specific cytotoxic T lymphocyte (CTL) response is included
as follows:

$

’

’

’

’

’

&

’

’

’

’

’

%

dTi

dt
“ βV Tu ´ d1Ti ´ a2TiI,

dV
dt

“ πTi ´ d2V,

dI
dt

“ r1TuI ` r2TiI ´ d3I,

dTu

dt
“ aTur1 ´ bpTu ` Tiqs ´ βV Tu ´ a1TuI,

(1.2)

with parameters for the strength of infection β, virus replication rate π, virus
cytocixity d1, and other constants, a and b. The variables Tiptq, V ptq, Iptq, and
Tuptq respectively represent the population dynamics of virus-infected tumor cells,
the virus, CTLs, and uninfected tumor cells at time t. Specifically, uninfected tumor
cells are infected through contact with a virus, and they become infected cells at rate
βV . Infected tumor cells produce viral cells at rate π. The term aTur1 ´ bpTu `Tiqs

represents the logistic growth rate of uninfected tumor cells. Virus-infected tumor
cells Ti and uninfected tumor cells Tu are removed by the CTLs at respective rates
of a2Ti and a1Tu. The CTL population increases at a rate of r1TuI`r2TiI, and they
are removed at rate d3I. Tumor-specific and virus-specific CTL cells proliferate at
the respective rates of r1I and r2I. Because viruses enhance presentation of tumor
antigens, we assume that r2 “ n ˆ r1pn ě 1q.
It is shown that, the solution for ODE Model (1.2) maintains positivity with non-
negative initial conditions (22).
In this paper, the next generation matrix, the basic reproduction rate and an im-
mune response reproductive number relating to model (1.2) are calculated. Then, a
stability analysis of the equilibria of therapy failure and partial success is presented.

2 Main results

First, we introduce the next generatin matrix and the basic reproduction number
of model (1.2) (see (25)). A therapy failure equilibrium E0 always exists such that
E0 “ p0, 0, I0, Tu0q and the equilibrium represents the state of the absence of viruses.
To define the basic reproduction number and to verify local stability, denote the vec-
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tors F and V , the inflow and outflow from disease compartments Ti and V as follows:

F “

˜

F1

F2

¸

“

˜

βV Tu

πTi

¸

, V “

˜

V1

V2

¸

“

˜

pd1 ` a2IqTi

d2V

¸

.

Let x “ px1, x2q “ pTi, V q and y “ pI, Tuq so that Fi ” Fipx, yq and Vi ” Vipx, yq, i “

1, 2. Five conditions are needed to verify local asymptotic stability of the model (1.2)
and to define a basic reproduction number ((24)).

(1) Fip0, yq “ 0 and Vip0, yq “ 0 for y ě 0.

(2) Fipx, yq ě 0 for all nonnegative x and y.

(3) Vipx, yq ď 0 if xi “ 0, i “ 1, 2.

(4) V1px, yq ` V2px, yq ě 0 for all nonnegative x and y.

(5) The disease-free system 9y “ hp0, yq has a unique equilibrium that is asymp-
totically stable.

It is straightforward to verify that all five conditions are satisfied. Now, we com-
pute the 2 ˆ 2 Jacobian matrices F and V, as follows:

F “

˜

0 βTu0

π 0

¸

, V “

˜

d1 ` a2I0 0
0 d2

¸

.

The next generation matrix equals K “ FV´1. Therefore, we obtain

K “

˜

0 βTu0
d2

π
d1`a2I0

0

¸

.

The basic reproduction number is the spectral radius of K. A simple calculation
shows that the spectral radius of K is

R0 “ ρpKq “

d

βπTu0

pd1 ` a2I0qd2
.

Now assume that r2 ą r1 and a1r2 ą a2r1. Then, in the therapy failure equilibrium
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E0 we have
I0 “

a ´ abTu0

a1
, Tu0 “

d3

r1
.

Therefore, The basic reproduction rate, R0, for ODE Model (1.2) becomes

R0 “

d

βπTu0

pd1 ` a2I0qd2
“

d

a1βπd3

pa1r1d1 ` a2apr1 ´ bd3qqd2
.

On therapy failure equilibrium E0, it is proved that

Theorem 2.1. (22) If R0 ă 1, then therapy failure equilibria E0 : p0, 0, I0, Tu0q is
locally asymptotically stable. Otherwise, E0 is unstable.

Theorem 2.2. (22) If R0 ă βπ
abd2βπ

and d1 ` a2I0 ą abTu0, then therapy failure
equilibrium E0 is globally asymptotically stable.

Remark 1. If β and π are small, then the possibility of satisfying the condition of
Theorem 2.2 increases. Thus, the probability of virus therapy failure increases.

Finally, to analyze the stability of a therapy partial success equilibrium, we
calculate the immune response reproductive number R1 in model (1.2). Putting
I “ 0 we obtain the equilibrium

E 1 “ pT 1
i , V

1, 0, T 1
uq “ p

V 1d2

π
,
aβπ ´ abd1d2q

βpβπ ` abd2q
, 0, d1d2

βπ
q.

The vectors F and V are as follows:

F “

´

r1TuI ` r2TiI
¯

, V “

´

d3

¯

.

We compute the 1 ˆ 1 Jacobian matrices F and V, as follows:

F “

´

r1Tu ` r2Ti

¯

, V “

´

d3

¯

.

The next generation matrix equals K “ FV´1 “ r1Tu`r2Ti

d3
and hence

R1 “ ρpKq “

d

r1T 1
u ` r2T 1

i

d3
“

d

rr1d1d2pabd2 ` βπ ` ar2d2pβπ ´ bd1d2qqs

βπd3pabd2 ` βπq
.

Now, when R0 ą 1 and R1 ą 1, therapy partial success equilibrium E1 exists such
that

E1 “ pT ˚
i , V

˚, I˚, T ˚
u q “
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p
βπa1d3

rpr2 ´ r1qaa2bd2 ` pa1r2 ´ a2r1qβπs
p1´

1
R0

q,
πT ˚

i

d2
,

pd3βπpabd2 ` βπqpR1 ´ 1qq

raba2d2pr2 ´ r1q ` βπpa1r2 ´ a2r1qd2s
,
a2d2I

˚ ` a1d2

βπ
q.

By calculating the eigenvalues of Jacobian matrix in equilibrium E1, it is obtained
a sufficient condition for that the endemic equilibrium E1 : pT ˚

i , V
˚, I˚, T ˚

u q is locally
asymptotically stable (22).
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Abstract:
In this article, we introduce a fractional differential equation model for advection-

dispersions, that describe the Brownian motion of particles. In the following, wee
concerns the existence of solutions to a fractional boundary-value problem. First
for the eigenvalue problem associated with it, we prove that there is a sequence of
positive and increasing real eigenvalues; a characterization of the first eigenvalue
is also given. Then under different assumptions on the nonlinearity we show the
existence of weak solutions of the problem. Our main tools are variational methods
and critical point theorems.
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1 Introduction

As a generalization of differentiation and integration to arbitrary non-integer order,
fractional calculus, is a significant tool for solving complex problems from various
fields such as engineering, science, viscoelasticity, diffusion and pure and applied
mathematics. In the past few years, theory of fractional differential equation has
been investigated extensively, see the monographs of Kilbas et al (34) and the papers
(26; 28; 29; 30; 31; 32) and the reference therein.
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Inspired by the results in (32; 33), we consider the existence of weak solution to
the fractional boundary-value problem

´
d

dt

`

piptq0D
´β
t ` qiptqtD

´β
T

˘

u1
iptq ´ riptquiptq “ λFui

pt, u1ptq, ..., unptqq, a.e. t P r0, T s,

uip0q “ 0, uipT q “ 0.
(1.1)

for 1 ď i ď n, where n ě 1 is an integer, pi, qi, ri P L8pr0, T sq with P´
i :“

ess infr0,T s piptq ą 0 for 1 ď i ď n, 0 ď riptq ď 1 for every t P r0, T s and 1 ď i ď n,
λ P R is a positive parameter, F : r0, T s ˆ Rn ÝÑ R is a function such that
F p., x1, ..., xnq is measurable in r0, T s for all px1, ..., xnq P Rn, F pt, ., ..., .q is C1 in
Rn for every t P r0, T s, Fui

denotes partial derivative of F with respect to ui for
1 ď i ď n, 0 ă β ă 1 and 0D

´β
t , tD

´β
T are the left and right fractional integrals of

order β.

2 Preliminaries
Definition 2. (Left and Right Riemann-Liouville fractional integral) Let u be a
function defined an ra, bs the left(right) Riemann-Liouville fractional integral of order
α ą 0 for function u is defined by

aI
α
t uptq “

1
Γpαq

ż t

a

upsq

pt ´ sq1´α
ds, t P ra, bs, tI

α
b uptq “

1
Γpαq

ż b

t

upsq

ps ´ tqα´1ds, t P ra, bs,

is called the Riemann-Liouville fractional integral of order α, where α ą 0 and Γpαq

denotes the gamma function.

Definition 3. (Left and Right Riemann-Liouville fractional derivative) Let u be a
function defined an ra, bs the left(right) Riemann-Liouville fractional derivative of
order α ą 0 for function u denoted by aD

α
t uptq and tD

α
b uptq respectively, are defined

by

aD
α
t uptq “

dn

dtn
aI

α
t uptq, aD

α
t uptq “ p´1qn d

n

dtn
tI

n´α
b uptq,

where t P ra, bs and n ´ 1 ď α ă n and n P N.

Now we announce some properties of the Riemann-Liouville fractional integral
and derivative operators.

Theorem 2.1.

aI
α
t paI

β
t uptqq “ aI

α`β
t uptq and tI

α
b ptI

β
b uptqq “ tI

α`β
b uptq, @α, β ą 0
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in any point t P ra, bs for continuous function u and for almost every point in ra, bs

if the function u P L1ra, bs.

Theorem 2.2. Let u P L1ra, bs and α ą 0,

aD
α
t paI

β
t uptqq “ uptq, a.e. t P ra, bs and tD

α
b ptI

β
b uptqq “ uptq, a.e. t P ra, bs

Now to apply critical point theory for the existence of solutions for problem (1.1),
we shall state some basic notation and results (33), which will be used in the proof
of our main results.

Throughout this paper, we denote α “ 1 ´ β
2 , and assume that the following

condition is satisfied.

(H1) F pt, xq is measurable in t for every x P RN and continuously differentiable in
x for a.e t P r0, T s, and there exist a P CpR`,R`q, b P L1p0, T ;R`q such that,

|F pt, xq| ď ap|x|qbptq,
n

ÿ

i“1
|Fxi

pt, x1, ..., xnq| ď ap|x|qbptq (2.1)

for all x P RN and t P r0, T s.

Let the fractional derivative space Eα,i is defined by the completion of C8
0 pp0, T q,RN q

with respect to the norm

}ui} “

´

ż T

0
ppiptq ` qiptqq |0D

α
t uiptq|2 ` |uiptq|2dt

¯1{2
,

where 0D
α
t and tD

α
T are the α-order left and right Riemann-Liouville fractional

derivative respectively. If ui P Eα,i, then 0D
α
t uiptq exists a.e. in r0, T s. The sets Eα,i

are reflexive and separable Hilbert spaces. And we set

X :“ Eα,1 ˆ ... ˆ Eα,n

with respect to the equivalent norm

}u}α “ }pu1, ..., unq}α “

˜

´

m
ÿ

i“1

ż T

0
ppiptq ` qiptqq p0D

α
t uiptq, tDTuiptqq dt

¸
1
2

.
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Lemma 2.3 ((33)). For all u “ pu1, ..., unq P X, we have

n
ÿ

i“1
}ui}

2
L2 ď

Tα

Γpα ` 1q

n
ÿ

i“1
}0D

α
t ui}

2
L2 , (2.2)

n
ÿ

i“1
}ui}8 ď

Tα´ 1
2

Γpαqp2α ´ 1q1{2

n
ÿ

i“1
}0D

α
t ui}L2 . (2.3)

Similar to the proof of (32, Proposition 4.1), we have the following property.

Definition 4. A weak solution of (1.1) is a function u P X such that

´

n
ÿ

i“1

ż T

0
piptq

`

0D
α
t uiptq,t D

α
Tviptq

˘

` qiptq
`

tD
α
Tuiptq, 0D

α
t viptq

˘

` riptq
`

uiptq, viptq
˘

` λ
`

Fui
pt, u1ptq, ..., unptqq, viptq

˘

dt “ 0

for every v P X.

We consider the functionals Φ : X Ñ R and Ψ : X Ñ R defined by

Φpuq “ ´

n
ÿ

i“1

ż T

0
ppiptq ` qiptqq

`

0D
α
t uiptq, tD

α
Tuiptq

˘

`
riptq

2
|uiptq|2dt. (2.4)

and
Ψpuq “

ż T

0
F pt, u1ptq, ..., unptqqdt. (2.5)

Then Φ and Ψ is continuously differentiable under assumption (H1), and

xΦ1puq, vy “ ´

n
ÿ

i“1

ż T

0
piptq

`

0D
α
t uiptq, tD

α
Tviptq

˘

` qiptq
`

tD
α
Tuiptq, 0D

α
t viptq

˘

dt

´

n
ÿ

i“1

ż T

0
riptq

`

uiptq, viptq
˘

dt

(2.6)
and

pΨ1puq, vq “

n
ÿ

i“1

ż T

0

`

Fui
pt, u1ptq, ..., unptqq, viptq

˘

dt. (2.7)

for u, v P X. Hence a critical point of Iλ :“ Φ ´ λΨ is a weak solution of (1.1).
For our proofs, we need the following results in critical point theory.

Definition 5. Let E be a real Banach space and φ P C1pE,Rq. We say that φ
satisfies the (PS) condition if any sequence tumu Ă E for which φpumq is bounded
and φ1pumq Ñ 0, as m Ñ 8, posses a convergent subsequence.
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Theorem 2.4 (Mountain Pass theorem). Let E be a real Banach space and φ P

C1pE,Rq satisfying (PS). Suppose φp0q “ 0 and

(C1) there are constants ρ, α ą 0 such that φ|BBρ ě α, where Bρ “ tx P E : }x} ă

ρu,

(C2) there is an e P EzBρ such that φpeq ď 0.

Then φ possesses a critical value c ě α. Moreover c can be characterized as

c “ inf
gPΓ

max
uPgpr0,1sq

φpuq,

where Γ “ tg P Cpr0, 1s, Eq|gp0q “ 0, gp1q “ eu.

3 Main results
In (35), Risken introduced an advection-dispersion equation to describe the Brown-
ian motion of particles

BCpx, tq

Bt
“

„

´v
B

Bx
` D

B2

Bx2

ȷ

Cpx, tq

where Cpx, tq is a concentration field of space variable x at time t, D ą 0 is the
diffusion coefficient and v ą 0 is the drift coefficient. According to (27), an anoma-
lous dispersion process should be described by the following advection-dispersion
equation containing the left and the right fractional differential operators

BCpx, tq

Bt
“ ´v

BCpx, tq

Bx
` Dj

BγCpx, tq

Bxγ
` Dp1 ´ jq

BγCpx, tq

Bp´xqγ
(3.1)

where C is the expected concentration field of space variable x at time t, v is a
constant mean velocity, x is the distance in the direction of the mean velocity,
D is a constant dispersion coefficient, 0 ď j ď 1 describes the skewness of the
transport process, and γ is the order of left and right fractional differential operators
(see (27, Appendix) for details about left and right fractional differential operators).
Especially, if γ “ 2, the dispersion operator reduces to the classical advection-
dispersion operator and (3.1) becomes the classical advection-dispersion equation.
On the other hand, if j “ 1

2 , (3.1) describes symmetric transitions. Define an
equivalent Riesz potential symmetric operator

2∇γ ” Dγ
` ` Dγ

´,
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which gives the mass balance equation for the symmetric fractional advection dis-
persion

BCpx, tq

Bt
“ ´v∇Cpx, tq ` D∇γCpx, tq,

that this modeled by equation (1.1). In the following, we give a Lemma and a
theorem to investigate of the solutions of the problem (1.1).

Now, we give the following lemma for established our main result.

Lemma 3.1. Suppose the

(H2) there are constants µ ą 2 and R ą 0 such that, for |x| “ |px1, ..., xnq| ě R,

0 ă µF pt, xq ď

n
ÿ

i“1
px, Fxi

pt, x1, ..., xnqq. (3.2)

Then Iλ satisfies the (PS) condition.

Theorem 3.2. If (H2) holds and

(H3) F pt, xq “ op|x|2q as x Ñ 0

Then (1.1) has at least one nontrivial weak solution.

Proof. The proof relies on the Mountain Pass theorem. It is clear that φ P C1pEα, Rq,
φp0q “ 0, and φ satisfies the (PS) condition from Lemma 3.1. From (H3), for an
ε1 ą 0 there exists a constant δ ą 0, such that

F pt, xq ď ε1|x|2, t P r0, T s, |x| ă δ.

Let u P X with }u}α ď
pp̃`q̃qΓpα`1q| cospπαq|

1
2 δ

T α , then by (2.3) and (7) }u}8 ď δ

T p2α´1q
1
2

ď

δ. Thus we have

Iλpuq “ ´

n
ÿ

i“1

ż T

0
ppiptq ` qiptqq

`

0D
α
t uiptq, tD

α
Tuiptq

˘

´
riptq

2
|uiptq|2dt ´ λ

ż T

0
F pt, u1ptq, ..., unptqqdt

ě p1 ´
r̃2

2
´ λϵ1q

T 2α

pp̃ ` q̃qΓ2pα ` 1q| cospπαq|
}u}2

α.

If we choose ρ “
pp̃`q̃qΓpα`1q| cospπαq|

1
2 δ

T α and γ “ p1 ´ r̃2

2 ´ λϵ1q T 2α

pp̃`q̃qΓ2pα`1q| cospπαq|
ρ2,

then φ|BBρ ě γ.
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Let w “ pw1, ..., wnq P X, and choose r ą 0. Thus

Iλprwq “

«

n
ÿ

i“1

ż T

0
´r2ppiptq ` qiptqq

`

0D
α
t wiptq, tD

α
Twiptq

˘

´
r2riptq

2
|wiptq|2dt

ff

´ λF pt, rw1ptq, ..., rwnptqqdt

ď r2}w}2
α ´

r2

2
}w}2

L2 ´ a1λr
µ}w1}

µ
Lµ ` a2T,

which implies that Iλprwq Ñ ´8 as r Ñ 8.
The above discussions show that Iλ has at least one nontrivial critical point, thus

(1.1) has at least one nontrivial weak solution.
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Abstract:
In this paper, we study the dynamical behaviors of new fractional-order Lotka-

Volterra predator-prey model and its discretized counterpart. It is shown that the
discretized model exhibits much richer dynamical behavior than its corresponding
fractional-order form.
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1 Introduction
Fractional calculus is one of the branches of mathematics which is the concept of
convolution integral.
From the recent decades onwards, fractional order differentials are widely used in
many research areas owing to its application in modelling and investigating com-
plicated phenomena, such as neural network systems, viscoelastic systems, Kinetic
equations, dynamical and non-linear systems, financial systems, and so forth. This
powerful mathematical approach provides researchers with the opportunity to derive
further and precise information about complex natural systems showing a non-linear
behavior of themselves compared to the ordinary calculus (36; 37; 38; 39; 40).
In 2014, a prey-predator Lotka-Volterra equation with logistic behavior for two
species was investigated (41). Also, dynamical behaviors of prey-predator Lotka-
Volterra with discretization was probed (38).
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In this study, a new fractional model considering negative feedback on two species
is proposed as following and the biological interpretation of it is also presented.

dNpT q

dT
“ NpT q pa ´ bNpT q ´ cP pT qq , (1.1)

dP pT q

dT
“ P pT q p´f ` ceNpT qq ´ kP 2pT q,

2 prellinimaries
In this section, some basic definition employed in the paper are presented.

Definition 6 (Fractional Caputo derivative). Let f P Cnra, bs and n ´ 1 ă α ă n,
then the Caputo derivative is defined as follows:

C
a D

α
t fptq “

1
Γpα ´ nq

ż t

a

Dnfpτq

pt ´ τq
α´n`1dτ . (2.1)

Definition 7 (Riemann-Liouville fractional integral). Let α P R`. The operator
D´n

a , defined on L1ra, bs by

D´α
t fptq “

1
Γpαq

ż t

a

pt ´ τq
α´1fpτqdτ . (2.2)

for a ă t ă b, is called the Riemann-Liouville fractional integral operator of order
α.
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2.1 Fractional continuous Lotka-Volterra with negative feed-
back on two species

To investigate species interaction, quite a few models have been proposed so far.
Although each model has its own application and could be used for special pur-
poses, they are not always capable of predicting species connection and behavior
well enough. One reason why such matters come up could be referred to both the
system complexity and simplification of the model. Considering this, in this sec-
tion, a new fractional model with negative feedback on both prey and predator is
proposed as equation (1.1).

In this model, we have

1. N and P are population density of prey and predator respectively.

2. a and f are rate of growth for prey and predator respectively.

3. b and k are rate of death, causing by interaction between two different species.

4. Preys would be injured when they are faced with predators, giving rise to an
inclination of their population. Regarding that, a coefficient like c is donated
to the death rate of preys due to their interaction with predators. However, all
preys faced with predators are not always haunted, and some of them would
be able to escape and remain alive. Thus, a coefficient like e is considered for
preys that couldn’t escape when they interact with predators, so multiplying of
these two parameters (ce) represents feeding rate of cooperation attack which
increases the predators’ population density.

By considering the following parameters, the system (1.1) will be nondimensionalized
as follows.

T “
1
a
t, NpT q “

a

b
Xptq, P pT q “

a

c
Y ptq,

and

dX

dt
“ Xptq p1 ´ Xptq ´ Y ptqq , (2.3)

dY

dt
“ Y ptq p´β ´ hY ptq ` εXptqq ,

where β “
f

a
, ε “

ce

b
and h “

k

c
.

Since system (2.3) investigates the species behavior locally, in the next step by
fractionalizing the system, we wish to extend the model. The Eq. (2.2) indeed
look at the system from an extensive spectrum compared to the Eq. (2.3) because
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the whole information of the system regarding species interaction and behavior are
saved with a weight function ptq “ tpα´1q{Γpαq over time. Thus,

DαXptq “ Xptq p1 ´ Xptq ´ Y ptqq , (2.4)
DαY ptq “ Y ptq p´β ´ hY ptq ` εXptqq ,

where α P p0, 1s and t ą 0.

2.2 Discretization of fractional Lotka-Volterra Prey-predator
model

In this section, we focus on the discretization of fractional Lotka- Volterra Prey-
predator model with negative feedback, Eq. (2.4). This equation can be rewritten
as follows by considering uniform discretization with time step s.

DαXptq “ X
´

rt{sss
¯ ”´

1 ´ X
´

rt{sss
¯¯

´ Y
´

rt{sss
¯ı

, (2.5)

DαY ptq “ Y
´

rt{sss
¯ ”

´β ´ hY
´

rt{sss
¯

` εX
´

rt{sss
¯ı

.

Assume that Xp0q “ 0, Y p0q “ 0, and t P r0, sq, so t{s P r0, 1q. Thus, we have

DαX1 “ X0 r1 ´ X0 ´ Y0s , (2.6)
DαY1 “ Y0 r´β ´ hY0 ` εX0s .

So, with the help of Riemann-Liouville integral, the Eq. (2.6) is rewritten as follows:

X1ptq “ X0 `
tα

αΓpαq
pX0 r1 ´ X0 ´ Y0sq , (2.7)

Y1ptq “ Y0 `
tα

αΓpαq
pY0 r´β ´ hY0 ` εX0sq .

As a result, after n step, Eq. (2.8) will be obtained.

Xn`1ptq “ Xnpnsq `
pt ´ nsqα

αΓpαq
pXnpnsq r1 ´ Xnpnsq ´ Ynpnsqsq , (2.8)

Yn`1ptq “ Ynpnsq `
pt ´ nsqα

αΓpαq
pYnpnsq r´β ´ hYnpnsq ` εXnpnsqsq .
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Also, let t P rns, pn ` 1qss when t ÝÑ pn ` 1qs, so we have

Xn`1 “ Xn `
sα

αΓpαq
pXn r1 ´ Xn ´ Ynsq , (2.9)

Yn`1 “ Yn `
sα

αΓpαq
pYn r´β ´ hYn ` εXnsq .

2.3 Investigation of dynamical behavior of discrete and con-
tinuous fractional Lotka-Volterra prey-predator model

In this section, the dynamical behavior of fractional Lotka-Volterra Prey-predator
model, associated with four parameters β, α, ε and h, is investigated.
Consider non-linear fractional system (2.2). With yi as initial point (i “ 1, 2, . . . , n).

0D
αi
t xiptq “ fi px1ptq, x2ptq, . . . , xnptq, tq , xiptq “ yi, i “ 1, 2, . . . , n.

(2.10)
By rewriting the above equation, we will have (38)

Dαx “ fpxq. (2.11)

for i “ 1, 2, . . . , n, 0 ă αi ă 1, α “ rα1, α2, ¨ ¨ ¨ , αnsT and x P Rn. E˚ “ px˚
1 , x

˚
2 , ¨ ¨ ¨ , x˚

nq

is fixed point if and only if
fpxq “ 0. (2.12)

Also, Jacobian of the system (2.2) is

J “

¨

˚

˚

˚

˚

˝

Bf1
Bx1

Bf1
Bx2

. . . Bf1
Bxn

Bf2
Bx1

Bf2
Bx2

. . . Bf2
Bxn... ... . . .
...

Bfn

Bx1

Bfn

Bx2
. . . Bfn

Bxn

˛

‹

‹

‹

‹

‚

. (2.13)

Theorem 2.1 ( (38)). : When the following condition of the Jacobian matrix (2.13)
at the fixed point px˚, y˚q is held, the fixed point will be stable.

detpJq ą 0, trcepJq ă 0.

Lemma 2.2 ((38)). Assume that λ1 and λ2 are eigenvalues of matrix Jacobian
(2.13) in fixed point px˚, y˚q, then

(i) A fixed point px˚, y˚q is named a sink if |λ1| ă 1 and |λ2| ă 1, so the sink is
locally asymptotically stable.
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(ii) A fixed point px˚, y˚q is named a source if |λ1| ą 1 and |λ2| ą 1, so the source
is locally stable.

(iii) A fixed point px˚, y˚q is named a saddle if |λ1| ă 1 and |λ2| ą 1 or |λ1| ą 1
and |λ2| ă 1.

(iv) A fixed point px˚, y˚q is named a non-hyperbolic if either |λ1| “ 1 or |λ2| “ 1.

2.4 Stability of the continuous model

Assume that E˚ “ px˚, y˚q is the fixed point of Eq. (2.3). Based on Jacobean matrix
we have

Jpx˚, y˚q “

˜

1 ´ 2x˚ ´ y˚ ´x˚

εy˚ ´β ´ 2hy˚ ` εx˚

¸

. (2.14)

Also, it can be shown that the following points are the fixed points of system (2.3).

E1 “ p0, 0q, E2 “ p1, 0q, E3 “ p
h ` β

h ` ε
,
ε ´ β

h ` ε
q.

Proposition 2.3. The fixed points of system (2.4), E1, E2, and E3, have the follow-
ing properties:

(i) E1 is an unstable point.

(ii) The sufficient and coefficient situation for the stability of point E2 is ε ă β.
Otherwise, E2 will be a non-hyperbolic point.

(iii) E3 is a stable point when β ă ε and h ď β.

3 Main Results
In this section, we prove our main proposition and present our conclusions.

Proposition 3.1. E1, E2, and E3 in system (2.9) have the following properties:

(i) E1 is a saddle point.

(ii) E2 is a sink point.

(iii) Under the following condition E3 is a stable point

β ą ε, s ą p2αΓpαqq
1
α , h ą

ε

6pβ ´ εq ´ 1
.



On a New Biological Fractional-order Lotka-Voltra Predator-Prey Model and Its
Dynamical Behaviors 40

Interaction among species is of great importance to control the creatures from
being virtually extinct. Considering this, scholars have proposed various models to
study such sophisticated phenomena. However, the models sometimes fail to probe
the system enough well due to the complexity of the system. In this conducted re-
search, we extend a prey-predator model on two species with a negative feedback on
both preys and predators and then, in order to look at the system more realistically,
with the help of fractional calculus, both preys and predators are given different
memories as well. The stability and dynamical analysis of the suggested model is
obtained and its discretized counterpart is also calculated. Finally, according to
biological interpretation, it is numerically shown that the stability of the model
by donating memory to the system in both continuous and discretization state is
increased.
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Analysis of a disease model with two susceptible groups
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Abstract:
The present paper considers a disease model with two calsses of susceptible in-

dividuls. The first group is common susceptible of disease and the second group
is awareness susceptible of disease. The free- disease and endemic equilibria was
obtained. The reproduction number denotes by R0. The free- disease equilibrium
is locally and globally stable. By using Poincare-Bendixon theorm, the endemic
equilibrium was obtained.

Keywords: difference scheme; Asymptotic stability; Epidemic models.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

Mathematical models are increasingly used to understand the dynamics of infectious
diseases. They represent the mechanisms and temporal dynamics of infectious dis-
ease epidemics and are increasingly used in the field of infectious diseases to better
understand natural history, make predictions about the future, and evaluate po-
tential interventions [1-3]. As modeling studies have proliferated and grown more
complex, it has become more difficult for clinicians and policy makers to understand
their inner workings [1, 3]. Interpretation of these models conclusions without an
understanding of their underlying assumptions and mechanics can be misleading [4].

In this paper, we suppose that the population is divided into three classes; the
susceptible individuals S1, the infected individuals I, i.e. disease users, and the
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aware susceptible individuals S2, i.e. the suceptible individuals who have informa-
tion about the harms and dangers of disease. We assume that due to media outreach
programs, (in T.V., newspapers, social networks,...), about the harms and dangers
of disease, susceptibles from S1 are transferred to S2. In this model, we consider
two routes for information dissemination:
(i) information dissemination via direct contact between individuals given by f1(e.g.,
mass-action or some form of nonlinear incidence), and,
(ii) population-wide dissemination of disease related information given by f2. Con-
tact between individuals is best characterised by frequency dependent contact (i.e.,
mass-action). The natural choice for f1 is given by,

f1 “ S1p
I

N
q

The rate of population-wide transmission of information is asumed to depend on
the disease prevalence. However the effect of this, will be limited and will saturate
for high prevalence with little further impact on individuals behaviour. Thus we
consider a MichaelisMenton function as f2,

f2 “
I

K ` I

where K is a positive constant. As a result of either of these two types of information
dissemination, susceptible individuals move to the aware susceptible individuals.
However, information that covers the same topic repeatedly will loose its value
over time. We consider d as the rate of decay of information and awareness. In
this model β is the contact rate of susceptibles with infectious individuals. The
constants ν, µ and A, represent the recovery rate, the natural death rate and the
rate of immigration or suceptibles, respectively. The dynamics of model is governed
by the following system of nonlinear ordinary differential equations:

$

’

’

’

’

&

’

’

’

’

%

dS1

dt
“ A ´ αsS1p I

N
q ´ αlS1p I

I`K
q ` dS2 ´ µS1 ` νI ´ βS1p I

N
q

dS2

dt
“ αsS1p I

N
q ´ dS2 ` αlS1p I

I`K
q ´ µS2

dI

dt
“ βS1p I

N
q ´ νI ´ µI

(1.1)

The total population, N “ S1 ` S2 ` I, satisfies dN
dt

“ A ´ µN , hence it can be
assumed to be of constant size, i.e., N “ A

µ
. We introduce the fractions, s1 “

S1
N
, s2 “ S2

N
, i “ I

N
, and k “ K

N
, which satisfies s1 ` s2 ` i “ 1. Using this relations,
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finally we consider the following two dimensional system:
$

’

&

’

%

ds1

dt
“ µ ´ αss1u ´ αls1p i

i`k
q ` dp1 ´ s1 ´ iq ´ µs1 ` νi ´ βs1u

di

dt
“ βs1i ´ νi ´ µi

(1.2)

1.1 Stability of the disease free equilibrium

System (1.2), has the disease free equilibrium P0 “ p1, 0q. The Jacobian of the
system, is given by,

Jps1, iq “

˜

´αsi ´ αlp
i

i`k
q ´ d ´ µ ´ βi ´αss1 ´ αls1p k

pk`iq2 q ´ d ` ν ´ βs1

βi βs1 ´ ν ´ µ

¸

and,

Jp1, 0q “

˜

´d ´ µ ´αs ´ αl

k
´ d ` ν ´ β

0 β ´ ν ´ µ

¸

The eigenvalues of this matrix are λ1 “ ´d ´ µ and λ2 “ β ´ ν ´ µ, the first
eigenvalue is negative and the second eigenvalue is negative, if β ă ν ` µ. We
introduce R0 “ β

ν`µ
as the basic reproduction number, and obtain the following

result on the local stability of the disease-free equilibrium.

Theorem 1.1. The disease-free equilibrium P0 is asymptotically stable when R0 ă 1
and unstable when R0 ą 1.

Furthere more we can prove the global stability of the disease-free equilibrium
point.

Lemma 1.2. The disease-free equilibrium point, P0, is globally asymptotically stable
if R0 ă 1.

Proof. We consider V ptq “ iptq as a Lyapunov function. Then the derivative of
V along the solutions of the system, has the following form,

dV

dt
“
di

dt
ď pµ ` νqpR0 ´ 1qi

Therefore, when R0 ă 1, dV
dt

ď 0, and, dV
dt

“ 0 if and only if i “ 0. Hence P0 is
global asymptotic stable.
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1.2 Endemic equilibrium

Let i˚ ‰ 0, the second equation of the system imply:

s˚
1 “

ν ` µ

β
“

1
R0

(1.3)

Now, substituting this value in the first equation of (1.2), and setting equal to zero,
we obtain,

µ´αsp
ν ` µ

β
qu˚´αlp

ν ` µ

β
qp u˚

i˚`k
q`dp1´p

ν ` µ

β
q´iq´µp

ν ` µ

β
q`νu˚´βp

ν ` µ

β
qi˚ “

0

Which reduces to,
Ai˚2

` Bi˚ ` C “ 0 (1.4)

With the following coefficients:

A “ pν ` µqp´αs ´ βq ` βpν ´ dq “ pν ` µqp´αs ´ R0pµ ` dqq,
B “ kppν ` µqp´αs ´ βq ` βpν ´ dqq ` pµ ` dqpβ ´ ν ´ µq ´ αlpν ` µq

“ kp´αspν ` µq ´ βpµ ` dqq ` pµ ` dqpν ` µqpR0 ´ 1q ´ αlpν ` µq,
C “ kpµ ` νqpβ ´ ν ´ µq “ kpµ ` νq2pR0 ´ 1q

Since at an endemic equilibrium s˚
1 ă 1, the endemic equilibrium exists only when,

R0 ą 1, and C is a positive real number. On the other hand, since i˚ is a positive
real number, we consider the case ∆ ě 0. Solving the equation (1.4), yield:

i1,2 “
´B

2A
˘

?
∆

2A
(1.5)

We consider two curves y1 “ Ai2 ` Bi and y2 “ ´C, the intersection points of this
curves are the endemic values of i˚. We consider the following different cases for the
calculation of i˚:

1) B ą 0.

In this case, y2
1 “ 2A ă 0, hence the positive point ´B

2A
is a relative maximum for y1,

and y1p´B
2A

q “ ´B2

4A
ą 0. Therefore, there is only one endemic value for i˚. Further-

emore | B
2A

| ă |
?

∆
2A

|, implies that i˚1 “ ´B
2A

´
?

∆
2A

is positive, therefore in this case,
P ˚ “ ps˚

1 , s
˚
2 , i

˚q “ p
ν ` µ

β
, 1 ´ p

ν ` µ

β
q ´

p´B´
?

∆q

2A
, ´B´

?
∆

2A
q is the only endemic equi-

librium point.

2) B ă 0.



45 Atena Ghasemabadi

In this case, y1p´B
2A

q “ ´B2

4A
ą 0 and y2

1 “ 2A ă 0. Therefore the negative point
´B
2A

, is a relative maximum point for y1, and there is a positive value for i˚. Since
| B
2A

| ă |
?

∆
2A

|, the root i˚1 “ ´B
2A

´
?

∆
2A

, is the positive value of i˚. So in this case,
P ˚ “ ps˚

1 , s
˚
2 , i

˚q “ p
ν ` µ

β
, 1 ´ p

ν ` µ

β
q ´

p´B´
?

∆q

2A
, ´B´

?
∆

2A
q is the endemic equilib-

rium point.

3) B “ 0.
When B “ 0, then, P ˚ “ ps˚

1 , s
˚
2 , i

˚q “ p
ν ` µ

β
, 1 ´ p

ν ` µ

β
q ´

b

´C
A
,
b

´C
A

q is the
endemic equilibrium point of the system.

Now we investigate the local stability of the endemic equilibrium. The characteristic
equation of the Jacobian matrix of the endemic euilibrium has the following form,

λ2 ´ λp ` q “ 0

Where p “ TraceJpP ˚q “ ´αsi
˚ ´ αlp

i˚

i˚`k
q ´ d ´ µ ´ βi˚ ă 0 and

q “ DetJpP ˚q “ βi˚pαsp
ν ` µ

β
q ` αlp

ν ` µ

β
qp k

pk`i˚q2 q ` d ` µq ą 0, which shows

the local stability of the endemic equilibrium point. Now if ∆ “ p2 ´ 4q ě 0, the
endemic equilibrium is a stable node and if ∆ ď 0, the endemic equilibrium is a
stable focus.

For the study of global stability of the endemic equilibrium point, we use the
Poincare-Bendixon theorem. It is easy to verify that the triangle T in the s1i phase
plan given by T “ tps1, iq : s1 ě 0, i ě 0, s1 ` i ď 1u, is positively invariant. We use
the dulac function Bps1, iq “ 1

i
, for which, divpBf,Bgq “ ´αs´αlp

1
i`k

q´
d

i
´ µ

i
´β ă

0. Therefore, there are no periodic solutions for i ą 0.
The above discusions imply the following theorem.

Theorem 1.3. If R0 ą 1, system (1.2), has a unique and globallly asymptotic stable
equilibrium point P ˚.
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Modelling a disease with a nonlinear incidence function
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Abstract:
The present paper considers a disease model with nonlinear incidence function.

It studies its boundedness. Since the real world is Boundedness of solutions is im-
portant for well-defined model. We obtain free- disease and endemic equilibria both
m “ 0 and m ą 0. We define the reproduction number by R0. The model has
at least one and at most three positive equilibrium (endemic equilibria) provided
R0 ą 1. We show that free- disease equilibrium p0, 0, 0q is unstable. The disease
free equilibrium pK, 0, 0q is globally asymptotically stable provided R0 ă 1.

Keywords: difference scheme; Asymptotic stability; Epidemic models.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction
In recent years, realistic mathematical models of infectious diseases has been con-
sidered. Mathematical models play a key role in the control and spread and of
infectious disease. One of the most important factors in modelling of communica-
ble diseases is the incidence function. In the classical communicable models, the
incidence rate is assumed to be by SI, where is a positive parameter and it is the
probability of transmission per contact. non-linear incidence rates But the nonlin-
ear incidence rates is closer to real world. There are many models using variety of
different nonlinear incidence functions to study the disease transmission. In this
paper, the incidence function βpIq “ µe´mI is the contact and transmission term, it
measures the transmission spread of the virus from the infected to the susceptible
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individual. The transmission rate is a constant provided m “ 0. Naturally the
alertness to the disease of each susceptible individual of the population is important.
Here we use the parameter m ą 0 to reflect the impact of alertness individual.

We consider the following compartments in the population: Spnq, the number
of susceptible individuals, Eptq, the number of exposed individuals but not infec-
tious individuals, and Iptq, the number of infected individuals who are infectious.
By assuming that the total population obey logistic growth, their model takes the
following form:

Sn`1 “
p1 ` bϕ1qSn

1 ` b
K
ϕ1Sn ` µϕ1Ine´mIn

,

En`1 “
En ` µϕ2Sn`1Ine

´mIn

1 ` pc ` dqϕ2
, (1.1)

In`1 “
In ` cϕ3En`1

1 ` γϕ3
,

For any solution pSn, En, Inq of the system (1.1), the total population Nn “ Sn `

En ` In. In this system total population is not constant, in the following theorem,
we prove its boundedness. In this model total population is not constant, we prove
its boundedness.

Theorem 1.1. For any solution pSn, En, Inq of the system (1.1), the total population,
Nn “ Sn ` En ` In, satisfies

lim sup
nÑ8

Nn ď
bK

l
,

where l “ mintb, d, γu.

Proof. From system (1.1), we have

Sn`1 “
p1 ` bϕ1qSn

1 ` b
K
ϕ1Sn ` µϕ1Ine´mIn

ď
p1 ` bϕ1qSn

1 ` b
K
ϕ1Sn

.

Let Sn “ 1
zn

, then we have

zn`1 ě
zn

1 ` bϕ1
`

bϕ1

Kp1 ` bϕ1q
.

Hence,

zn ě
1

p1 ` bϕ1qn
z0 `

„

1 ´
1

p1 ` bϕ1qn

ȷ

1
K
.
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As a consequence, we have
lim sup

nÑ8
Sn ď K.

Let ϕiphq “ h for i “ 1, 2, 3 and Nn “ Sn ` En ` In. Then we have

Nn`1 ´ Nn

h
“

ˆ

b ´
b

K
Sn`1

˙

Sn ´ dEn`1 ´ γIn`1

ď

ˆ

b ´
b

K
Sn`1

˙

K ´ dEn`1 ´ γIn`1,

for all large n. Now we consider l “ mintb, d, γu. Therefore

Nn`1 ´ Nn

h
ď bK ´ lNn`1,

and we have
Nn`1 ď

1
1 ` lh

Nn `
bhK

1 ` lh
.

Consequently

Nn ď
1

p1 ` lhqn
N0 `

„

1 ´
1

p1 ` lhqn

ȷ

bK

l
.

From the above discussion, we note that if Nn ď bK
l

, then

Nn`1 ď
bK

lp1 ` lhq
`

bhK

1 ` lh
“
bK

l
.

This completes the proof.

We can conclude that the region

D “

"

pS,E, Iq P R3
ˇ

ˇ

ˇ
0 ď S ` E ` I ď

bK

l
, l “ mintb, d, γu

*

,

is positively-invariant. Now we study equilibrium points of (1.1). We consider the
system

S “
p1 ` bϕ1qS

1 ` b
K
ϕ1S ` µϕ1Ie´mI

,

E “
E ` µϕ2SIe

´mI

1 ` pc ` dqϕ2
, (1.2)

I “
I ` cϕ3E

1 ` γϕ3
.

Clearly G0 “ p0, 0, 0q and G1 “ pK, 0, 0q are equilibrium points of (1.1). Further-
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emore system (1.1) has endemic equilibrium points which we determine it in the
following cases.

• m “ 0. In this case (1.2) takes the following form:

S “
p1 ` bϕ1qS

1 ` b
K
ϕ1S ` µϕ1I

,

E “
E ` µϕ2SI

1 ` pc ` dqϕ2
,

I “
I ` cϕ3E

1 ` γϕ3
.

We define the reproduction number by R0 “ µcK
γpc`dq

. From the above system,
system (1.1) has a unique endemic equilibrium G2 “ pS˚

0 , E
˚
0 , I

˚
0 q provided

R0 ą 1, as follows:

S˚
0 “

γpc ` dq

µc
“
K

R0
,

E˚
0 “

bγ2pc ` dq

µ2c2K
pR0 ´ 1q,

I˚
0 “

bγpc ` dq

µ2cK
pR0 ´ 1q.

• m ą 0. We slove system (1.2) and we obtain

S˚ “ Kp1 ´
µ

b
I˚e´mI˚

q :“ gpI˚q,

E˚ “
γ

c
I˚,

S˚ “
γpc ` dq

cµ
emI˚ :“ hpI˚q.

Clearly, if R0 ą 1, then gp0q ą hp0q. Note that limI˚Ñ8 gpI˚q “ K and
limI˚Ñ8 hpI˚q “ 8. Hence if R0 ą 1, the two curves S “ gpIq and S “

hpIq have at least one positive intersection which gives at least one endemic
equilibrium. Now we develop conditions to decide the tangency of the two
curves in order to determine the number of positive equilibria. If the two
curves S “ gpIq and S “ hpIq are tangent at some positive points, we must
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have S “ gpIq “ hpIq and g1pIq “ h1pIq. Or equivalently,

K
´

1 ´
µ

b
I˚e´mI˚

¯

“
γpc ` dq

µc
emI˚

,

´
Kµ

b
p1 ´ mI˚qe´mI˚

“
γpc ` dqm

µc
emI˚

.

By eliminating exponential terms in the above system we see that, if the two
curves are tangent, then I coordinate must satisfy the following quadratic
equation

R0mpmI˚ ´ 1q “ p2mI˚ ´ 1q2µ

b
. (1.3)

Hence, if the tangency occurs at some points, its I coordinate must satisfy
mI˚ ą 1.

Let
δ :“ µ

b
, m0 :“ 8µ

bR0
“

8δ
R0
.

By a straightforward calculation we see that (1.3) has two distinct positive
roots satisfying mI ą 1 if and only if R0 ą 1 and m ą m0. for m ą 0, by
solving (1.3) in terms of I, we have

I˚ “
mR0 ` 4δ ˘

a

mR0pmR0 ´ 8δq
8mδ

. (1.4)

Theorem 1.2. If R0 ą 1, then the model (1.1) has at least one and at most three
positive equilibrium (endemic equilibria). Furthermore,
1) if 0 ă m ă m0, the model (1.1) has a unique endemic equilibrium;
2) if m ą m0, the model has three endemic equilibrium.

2 Stability

In this section we investigate stability of equilibrium points G0 “ p0, 0, 0q and G1 “

pK, 0, 0q.

Theorem 2.1. The equilibrium point G0 “ p0, 0, 0q is unstable

Proof. The Jacobian evaluated at this point is given by the following matrix:
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Jp0, 0, 0q “

»

—

–

1 ` bϕ1 0 0
0 1

1`pc`dqϕ2
0

0 cϕ3
1`γϕ3

1
1`γϕ3

fi

ffi

fl

The eigenvalues of Jp0, 0, 0q are 1 ` bϕ1, 1
1`pc`dqϕ2

and 1
1`γϕ3

. Since 1 ` bϕ1 ą 1,
p0, 0, 0q is unstable.

At the point pK, 0, 0q we have the following Jacobian matrix:

JpK, 0, 0q “

»

—

–

1 ´ bϕ1
1`bϕ1

0 ´ µKϕ1
1`bϕ1

0 1
1`pc`dqϕ2

µKϕ2
1`pc`dqϕ2

0 cϕ3
1`γϕ3

1
1`γϕ3

.

fi

ffi

fl

It is clear that 1 ´ bϕ1
1`bϕ1

ă 1. Consider the following submatrix

B “

«

1
1`pc`dqϕ2

µKϕ2
1`pc`dqϕ2

cϕ3
1`γϕ3

1
1`γϕ3

.

ff

We show that detB ă 1 and trB ă 1`detB which implies that eigenvalues of B
lies inside unit circle. It is easy to see that detB ă 1. We show that trB ă 1`detB.
This is equivalent to

r1 ` pc ` dqϕ2 ` 1 ` γϕ3s p1 ` γϕ3q r1 ` pc ` dqϕ2s

ă r1 ` pc ` dqϕ2s2p1 ` γϕ3q2 ` r1 ` pc ` dqϕ2sp1 ` γϕ3qp1 ´ µcKϕ2ϕ3q

which is equivalent to

2 ` pc ` dqϕ2 ` γϕ3 ă r1 ` pc ` dqϕ2sp1 ` γϕ3q ` p1 ´ µcKϕ2ϕ3q

and this is true if and only if

γpc ` dqϕ2ϕ3 ´ µcKϕ2ϕ3 ą 0

which is the same as R0 ă 1. Hence we have the following theorem.

Theorem 2.2. The disease free equilibrium pK, 0, 0q is locally asymptotically stable
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if R0 ă 1, and unstable if R0 ą 1. Now we prove global stability of pK, 0, 0q when
m “ 0. Let m “ 0, if R0 ă 1, then the disease free equilibrium pK, 0, 0q is globally
asymptotically stable.
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Abstract:
This paper is about the phenomenological study of bifurcations in epidemio-

logical models, in particular, in backward bifurcation. We consider models that
exhibit such bifurcation and also consider the factors that cause them. The phe-
nomenon of backward bifurcation in disease transmission models, where a stable
endemic equilibrium co-exists with a stable disease-free equilibrium when the asso-
ciated reproduction number is less than unity, has been observed in a number of
disease transmission models. The epidemiological consequence of backward bifurca-
tion is that the classical requirement of the reproduction number being less than
unity becomes only a necessary, but not sufficient, for disease elimination (hence,
the presence of this phenomenon in the transmission dynamics of a disease makes
its effective control in the community difficult).
Keywords: Backward bifurcation, Equilibrium, Reproduction number, Stability
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction
In compartmental models for the transmission of communicable diseases there is usu-
ally a basic reproductive number R0, representing the mean number of secondary in-
fections caused by a single infective introduced into a susceptible population. When
R0 is less than unity, a small influx of infected individuals will not generate large
outbreaks, and the disease dies out in time (in this case, the corresponding disease-
free equilibrium (DFE) is asymptotically-stable). On the other hand, the disease

∗Speaker: jabari@tabrizu.ac.ir

55



Backward bifurcations in epidemiological models 56

will persist if R0 exceeds unity, where a stable endemic equilibrium exists. This phe-
nomenon, where the disease-free equilibrium loses its stability and a stable endemic
equilibrium appears as R0 increases through one, is known as forward bifurcation.
Some of the main characteristics of forward bifurcation are the absence of positive
(endemic) equilibria near the DFE when R0 ă 1 (in this setting, the DFE is often
the only equilibrium when R0 ă 1 ) and a low level of endemicity when R0 ă 1 is
slightly above unity (62). The forward bifurcation phenomenon, first noted by Ker-
mack and McKendrick, has been observed in numerous disease transmission models.
For models that exhibit forward bifurcation, the requirement R0 ă 1 is necessary
and sufficient for disease elimination. Other models for disease transmission undergo
another type of bifurcation, known as backward bifurcation, where a stable endemic
equilibrium co-exists with a stable DFE when R0 ă 1. The epidemiological implica-
tion of backward bifurcation is that the requirement R0 ă 1, while necessary, is not
sufficient for effective disease control. In a backward bifurcation setting, once R0

crosses unity, the disease can invade to a relatively high endemic level. In this case,
decreasing R0 to its former level will not necessarily make the disease disappear
(62). The common causes of backward bifurcation in disease transmission models
are the use of an imperfect vaccine and exogenous re-infection in the transmission
dynamics of mycobacterium tuberculosis (TB).

The aim of this study is to provide a short review of some of the common
mechanisms (biological, epidemiological, social etc.) that cause the phenomenon of
backward bifurcation in disease transmission models. To achieve this aim, a number
of deterministic models for the spread of some emerging and re-emerging diseases
will be considered. The paper contains a summary of some established results and
some new results.

2 Bifurcation Theory

Real-life systems arising in the natural and engineering sciences typically involve
parameters which appear in their governing system of equations. As these parame-
ters are varied, changes may occur in the qualitative structures of the solutions of
the system of equations (modelling the real-life phenomenon) for certain parameter
values. These changes are called bifurcations. The parameter values where bifurca-
tions occur are called bifurcation values (or bifurcation points). A formal definition
of bifurcation at a point is given below.
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Definition 8. Let

9x “ fpx, µq, x P Rn, µ P R, (2.1)

be a one-parameter family of one-dimensional ODEs. An equilibrium solution of
(2.1) given by px, µq “ p0, 0q is said to undergo bifurcation at µ “ 0 if the flow for
µ near zero and x near zero is not qualitatively the same as the flow near x “ 0 at
µ “ 0.

There are numerous types of bifurcations, including saddle-node, forward (tran-
scritical), pitchfork, Hopf, and backward bifurcation. Two of these bifurcations
(forward and backward) are relevant to the paper, and are briefly discussed below.

2.1 Forward bifurcation

The dynamics of disease transmission models is often characterized by the reproduc-
tion number (R0), a threshold quantity which measures the average number of new
cases generated by a typical infected individual when introduced into a completely
susceptible population. Typically, when R0 is less than unity, a small stream of in-
fected individuals will not generate large outbreaks (and the disease dies out in time).
In such a case, the disease-free equilibrium (DFE) of the model is asymptotically-
stable. On the other hand, the disease persists in the population if R0 exceeds unity
(where, in this case, an asymptotically-stable endemic equilibrium point (EEP) ex-
ists). This phenomenon, where the DFE and an EEP of a model exchange their
stability at R0 “ 1, is known as forward bifurcation.

2.2 Backward bifurcation

In general, for models that exhibit forward bifurcation, the requirement R0 ă 1 is
necessary and sufficient for effective community-wide control (or elimination) of the
disease being modelled. However, it has been observed in some other modelling stud-
ies, that although R0 ă 1 is necessary for effective disease control (or elimination),
the condition may not be sufficient. This is owing to a dynamic phenomenon known
as backward bifurcation, where two stable attractors (typically the DFE and an
asymptotically-stable EEP) of the model co-exist when R0 ă 1. The public health
implication of backward bifurcation is that disease control (or elimination), when
R0 ă 1, is dependent on the initial sizes of the sub-populations of the model. Thus,
the presence of backward bifurcation in the transmission dynamics of a disease in a
population makes its effective community-wide control difficult. The following the-
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orem will be used to explore the possibility of the presence of backward bifurcation
in the models to be considered in next section of this paper.

Theorem 2.1. Consider the following general system of ordinary differential equa-
tions with a parameter ϕ

dx

dt
“ fpx, ϕq, f : Rn ˆ R Ñ Rn, and f P C2pRn ˆ Rq, (2.2)

where 0 is an equilibrium point of the system (that is, fp0, ϕq ” 0 for all ϕ) and
assume

1. A “ Dxfp0, 0q “ p Bfi

Bxj
p0, 0qq is the linearization matrix of the system (2.2)

around the equilibrium 0 with ϕ evaluated at 0. Zero is a simple eigenvalue of
A and other eigenvalues of A have negative real parts;

2. Matrix A has a right eigenvector w and a left eigenvector v (each corresponding
to the zero eigenvalue).

Let fk be the k-th component of f and

a “

n
ÿ

k,i,j“1
vkwiwj

B2fk

BxiBxj

p0, 0q

b “

n
ÿ

k,i“1
vkwi

B2fk

BxiBϕ
p0, 0q.

Then the local dynamics of the system around the equilibrium point 0 is totally de-
termined by the signs of a and b. Particularly, if a ą 0 and b ą 0, then a backward
bifurcation occurs at ϕ “ 0.

3 Common sources of backward bifurcation

3.1 Exogenous re-infection

Consider the following model for the transmission dynamics of TB

dS

dt
“ Λ ´ λS ´ µS,

dE

dt
“ p1 ´ pqλS ` rI ´ ζλE ´ σE ´ µE, (3.1)

dI

dt
“ pλS ` σE ` ζλE ´ rI ´ dI ´ µI,
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where

λ “
βI

N
. (3.2)

The model (3.1) has a disease-free equilibrium (DFE) given by

εwt
0 “ p

Λ
µ
, 0, 0q.

Furthermore, the associated reproduction number of the model is given by

R0 “
βrpµ ` σs

µpµ ` d ` rq ` σpµ ` dq
, (3.3)

Let β˚ be the bifurcation parameter (obtained by setting R0 “ 1 and solving for β).
Consider the associated invariant region for the model

D “

"

pS,E, Iq P R3
` : N ď

Λ
µ

*

.

The following result can be established using center manifold theory

Theorem 3.1. The model (3.1) undergoes backward bifurcation if R0 ă 1 and
µ ` d ą β˚.

3.1.1 Non-existence of backward bifurcation

In this case ( ζ “ 0), no endemic equilibrium exists whenever R0 ď 1. It then
follows that, owing to the absence of multiple endemic equilibria for system (3.1)
with ζ “ 0 and R0 ď 1, a backward bifurcation would not occur for system (3.1)
with ζ “ 0 and R0 ď 1.

The absence of multiple endemic equilibria suggests that the disease-free equilib-
rium of model (3.1) is globally asymptotically stable when R0 ď 1. Then, we have
the following result:

Theorem 3.2. Consider the model (3.1) with ζ “ 0. The disease-free equilibrium
is globally asymptotically stable in D whenever R0 ď 1.
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3.2 Models with imperfect vaccine

Consider the SVIRS vaccination model with waning vaccine-induced pωνq and natu-
ral pωrq immunity (63; 64):

dS

dt
“ Πp1 ´ ϕq ` ωνV ` ωrR ´ λS ´ µS,

dV

dt
“ Πϕ ´ p1 ´ ψqλV ´ pων ` µqV, (3.4)

dI

dt
“ λS ` p1 ´ ψqλV ´ pσu ` µqI,

dR

dt
σuI ´ pωr ` µqR,

where

λ “
βI

N
. (3.5)

Define:

Rν “ R0p1 ´
µϕψ

ων ` µ
q, with R0 “

β

σu ` µ
.

Following (63; 64), the vaccine failure duration (VF ) and a critical vaccine failure
duration pV C

F q are defined, respectively, by

VF “
1 ´ ψ

ων ` µ
, V C

F “
σu ` µ ` ωr

pµ ` ωrqpσu ` µqpR0 ´ 1q
.

The following results were established in (63).

Theorem 3.3. The vaccination model (3.4) exhibits backward bifurcation at Rν “ 1
whenever

σuωr

pµ ` ωrqpσu ` µq
ą R0

ˆ

1 ´
µϕψ

pων ` µq

ˆ

1 `
µp1 ´ ψq

pων ` µq

˙˙

.

Theorem 3.4. The vaccination model (3.4) does not undergo backward bifurcation
at Rν “ 1 if any of the following conditions hold:

(i) The vaccine offers perfect protection against break-through infection (i.e., ψ “ 1)

(ii) Vaccine-derived immunity wanes faster than natural immunity (i.e., ων ě ωr )

(iii) Vaccine failure duration does not exceed a certain critical value (i.e., VF ď V C
F

).
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The imperfect nature of the vaccine is a well-known reason for the presence of
backward bifurcation in vaccination models (Case (i) of Theorem 3.4 shows that if
this imperfection is removed, then the phenomenon of backward bifurcation will not
occur). Cases (ii) and (iii) of Theorem 3.4 are new additional sources of eliminating
backward bifurcation in SIRS models that incorporate an imperfect vaccine. It
follows from Case (iii) that the backward bifurcation will disappear if infection
offers permanent immunity against e-infection pωr “ 0q.

In summary, the SVIRS model (3.4) will not undergo backward bifurcation if
any of the scenarios in Theorem 3.4 hold.

4 Conclusions
This paper identifies some epidemiological mechanisms that can induce the phe-
nomenon of backward bifurcation in standard KermackMcKendrick type disease
transmission models (that use standard incidence rate for the infection rate). It is
shown that backward bifurcation, which has significant consequences on the persis-
tence or elimination of the disease when the associated reproduction number of the
model is less than unity, could arise due to mechanisms such as:

(1) Exogenous re-infection (of latently-infected individuals) in models for the spread
of mycobacterium tuberculosis. Reinfection, in general, causes backward bifur-
cation (see, for instance, for the role of re-infection in the backward bifurcation
phenomenon observed in Chlamydia transmission dynamics);

(2) Vaccination. The main sources of backward bifurcation in vaccination models
are:

(i) The vaccine offers perfect protection against break-through infection (i.e.,
ψ “ 1)

(ii) Vaccine-derived immunity wanes faster than natural immunity (i.e., ων ě

ωr )

(iii) Vaccine failure duration does not exceed a certain critical value (i.e.,
VF ď V C

F ).
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Abstract:
The aim of this paper is to find the approximate solution of a model for HIV

infection of CD4` T-cells by q-homotopy analysis method (q-HAM). q-HAM is a
flexible method that is used to solve a variety of differntial equations. The results
obtained show that this method has a lot of efficiency.
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1 Introduction

Over the years, several nonlinear mathematical models have been proposed to de-
scribe infection by the human immune deficiency virus (HIV) and its association
whit the immune system. In (65), an HIV infection model was introduced that was
used extensively. Wang et al. (66) examined an HIV model for the stability of the
uninfected equilibrium point based on the Lyapunov theory. In (67) an HIV optimal
control problem was proposed to reduce maintains the drug strength low and max-
imizes the number of T-cell and immune response cells. In (68), HIV-infection of
T- cells was examined by means of homotopy decomposition technique and system
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of fractional differential equations. Recently, Alipour et al. (69) Bernstein opera-
tional matrices have been studied for approximate the response of the HIV fractional
model. In (70), a model for the infection of the human immune system by HIV was
presented. This model of virus spread has three variables: the population sizes of
uninfected cells, infected cells, and free virus particles. Perelson et al. (71) extended
the model described in(70) and developed a new model by considering four variables:
1. cells that are uninfected,
2. cells that are latently infected,
3. cells that are actively infected,
4. free virus particles.
Their model is described by a system of four ordinary differential equations. It
was noted that the model can replicate many of the symptoms of AIDS observed
clinically. Culshaw and Ruan(72) reduced the model described in(71) to a system
of three ordinary differential equations by assuming that all the infected cells are
capable of producing the virus.
In this paper, the q-homotopy analysis method (q-HAM) is introduced and devel-
oped for analytical approximation the model for HIV infection of CD4` T-cells of
Culshaw and Ruan described above. The model is (72)

dT

dt
“ s ´ µTT ` rT p1 ´

T ` I

Tmax

q ´ k1V T,

dI

dt
“ k1

1V T ´ µII, (1.1)

dV

dt
“ NµbI ´ k1V T ´ µV V,

where T ptq, Iptq, and V ptq represent the concentration of healthy CD4` T-cells at
timet, infected CD4` T-cells, and free HIV at timet, respectively.

2 The optimal q-homotopy analysis method

Consider the following differential equations,

N ruptqs “ 0, (2.1)

where N is a non-linear operator, t denotes independent variable, and uptq is an
unknown function, respectively (73). Let us constructed the so-called zero-order
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Table 1: List of variables and parameters (modified from(72)).

Parameters and variables Meaning
Dependent variables

T Uninfected CD4` T-cell concentration
I Infected CD4` T-cell concentration
V Concentration of HIV RNA

Parameters and constants
µT Natural death rate of CD4`T-cell concentration
µI Blanket death rate of infected CD4` T-cells
µb Lytic death rate for infected cells
µV Death rate of free virus
k1 Rate CD4` T-cells become infected with virus
k1

1 Rate infected cells become active
r Growth rate of CD4`T-cell concentration
N Number of virion produced by infected CD4`-cells
Tmax Maximal concentration of CD4` T-cells
s Source term for uninfected CD4` T-cells

Derived quantities
T0 CD4` T-cell concentration for HIV-negative persons

deformation equation

p1 ´ nqqLrϕpt; qq ´ u0ptqs “ F pnqqN rϕpt; qqs, (2.2)

where q P r0, 1
n

s, is an embedding parameter, n is a non-zero auxiliary parameter,
F pnq is a non-zero auxiliary function, n ě 1, L is an auxiliary linear operator with
the property Lpc1q “ 0 where c1 is an integral constant, u0ptq is an initial guess of
uptq and ϕpt; qq is an unknown function. It is important to note that, one has great
freedom to choose auxiliary objects such as q and L in HAM. Obviously, when q “ 0
and q “

1
n

,
ϕpt; 0q “ u0ptq, andϕpt; 1q “ uptq (2.3)

respectively. Thus, as q increases from 0 to 1, the solutions ϕpt; qq varies from the
initial guess u0ptq to the solution uptq. Expanding ϕpt; qq in Taylor series with respect
to q, we have

ϕpt; qq “ u0ptq `

`8
ÿ

m“1
umptqqm, (2.4)

where
umptq “

1
m!

Bmϕpt; qq
Bqm

|q“0, (2.5)
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Assume that F pnq, u0ptq, L are so properly chosen such that the series converges at
q “

1
n

and we have

uptq “ ϕpt; 1
n

q “ u0ptq `

`8
ÿ

m“1
umptqp

1
n

qm, (2.6)

Defining the vector urptq “ tu0ptq, u1ptq, u2ptq, ..., urptqu. Differentiating Equation
(2) m times with respect to q and then setting q “ 0 and finally dividing them by
m! we have the so-called mth order deformation equation:

Lrumptq ´ kmum´1ptqs “ F pnqRmpuÑ
m´1q, (2.7)

Where and
RmpvÑ

m´1q “
1

pm ´ 1q!
Bm´1N rϕpt; qqs

Bqm´1 |q“0, (2.8)

and

km “

#

0, m ď 1,
n, otherwise

(2.9)

3 Example

In this section, to illustrate the capability of the q-HAM, the variables and parame-
ters, described in Table1, are considered as follows (72):
T0 “ 1000, I0 “ 0, V0 “ 0.001, r “ 0.03, µT “ 0.02, µI “ 0.26,
µb “ 0.24,
µV “ 2.4, k1 “ 2.4˚10´5, k1

1 “ 2˚10´5, N “ 500, s “ 10, Tmax “

1500.
By using Mathematica software, five-term approximations for Tt, It, and Vt, were
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calculated, and they are presented below.

φT ptq “ T0 `

5
ÿ

i“1
T p0,iqp

1
n

qi “ 1000. ´ 0.000024t `
p0.000024tq

n5 ` 0.000029248t2

`
p0.000116992t2q

n5 ` ...

φIptq “ I0 `

5
ÿ

i“1
Ip0,iqp

1
n

qi “ 0. ` 0.00002t ´
p0.00002tq

n5 ´ 0.00002684t2 (3.1)

´
p0.00010736t2q

n5 ` ...

φV ptq “ V0 `

5
ÿ

i“1
V p0,iqp

1
n

qi “ 0.001 ´ 0.002424t `
p0.002424tq

n5 ` 0.00413789t2

`
p0.0165516t2q

n5 ` ... ,

to find the optimal values of n, an error analysis is performed. We substitute Eqs
3.1 into 1.1 and obtain the residual function ERipT, I, V q, i “ 1, 2, 3 as follows:

ER1pT, I, V ;nq “
φT ptq

dt
´ s ` µTφT ptq ´ rφT ptqp1 ´

φT ptq ` φIptq

Tmax

q ´ k1φV ptqφT ptq,

ER2pT, I, V ;nq “
dI

dt
“ k1

1φV ptqφT ptq ´ µIφIptq, (3.2)

ER3pT, I, V ;nq “
dV

dt
“ NµbφIptq ´ k1φV ptqφT ptq ´ µV φV ptq,

and we define the square residual error for the fifxth-order approximation to be:

RT1 “

ż 1

0
pER1pT, I, V ;nqq2dt,

RT2 “

ż 1

0
pER2pT, I, V ;nqq2dt, (3.3)

RT3 “

ż 1

0
pER3pT, I, V ;nqq2dt,

value of n, for which RT1, RT2, and RT3 are minimum can be obtained. Thus, we
have
DRT1

Dn
“ 0, DRT2

Dn
“ 0, DRT3

Dn
“ 0,

then, in table [2], the minimum values of RT1, RT2, and RT3 have been given for
optimal values of n.
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Table 2: The minimum values of RT1, RT2, and RT3.

n Minimum value
2.55956 ´3.83099 ˚ 10´23

5.23314 1.44776 ˚ 10´15

5.15428 5.78318 ˚ 10´15

4 Conclusion
In this paper, the Q-homotopy analysis method has been successfully developed
and applied for solving a model for HIV infection of CD4` T-cells. The results
obtained show that the q-HAM is an accurate and effective technique for obtaining
the approximate solution of HIV infection of CD4` T-cells.
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unknown parameters of the model of interest are estimated via maximum likelihood
approach. The survival function as well as the hazard function of the model are
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1 Introduction
The Gompertz model plays an important role in modeling human mortality and
fitting actuarial tables. This model was introduced by Gompertz (75). Recently, it
has found more application in fields such as biology and demography. The hazard
function of the non-negative continuous random variable T which has Gompertz
model, is

hptq “ λeγt, t ą 0, λ ą 0, γ ą 0, (1.1)

where λ and γ are scale and shape parameters, respectively.
The Gompertz model has been studied with fixed as well as time-dependent covari-
ates. Fixed covariates are measured at the start of study and stay constant over the
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study duration, for example, gender or race. Time-dependent covariates vary over
time such as age and blood pressure. Following (77), (79) and (80) the history of
a time-dependent covariate process up to time may be incorporated into the model
to assess the effect of the covariate on the relative risk of the event over time. (81)
proposed a parametric family of survival regression models for left, right and interval-
censored data with both fixed and time-dependent covariates. It is noted that when
γ Ñ 0, the Gompertz distribution will tend to an exponential distribution.

Now suppose that in (1.1), we have

λ “ eβ0`β1y,

where y is a fixed covariate, so the hazard function of T is expressed as

hptq “ eβ0`β1y`γt. (1.2)

Using (1.2), The survival function of the model is

Sptq “ expt
eβ0`β1y

γ

`

1 ´ eγt
˘

u, t ą 0, γ ą 0, (1.3)

and the probability density function is

fptq “ eβ0`β1y`γt expt
eβ0`β1y

γ

`

1 ´ eγt
˘

u, t ą 0, γ ą 0. (1.4)

The properties of the Gompertz distribution are presented in (76). (74) obtained
maximum likelihood estimate (MLE) of the parameters of Gompertz distribution.
(82) proposed unweighted and weighted least squares estimates for parameters of
the Gompertz distribution under the complete data and first failure-censored data.
In this paper, we study the Gompertz model with fixed covariate.

The rest of this paper is organized as follows. In Section 2, the maximum like-
lihood estimation of the model parameters is studied. In Section 3, a real data set
is used to illustrate the results of the paper. Kolmogorov-Smirnov fitness of good
test is applied to test the data come from Gompertz model. Using this data set, the
parameters is estimated and the behaviors of survival function and hazard function
are considered in this section. Finally, some conclusions are stated in Section 4.
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2 Maximum likelihood estimation

Let pT,Yq “ pT1, Y1, T2, Y2, . . . , Tn, Y2q be the vector of observations such that Ti

is the lifetimes of n independent Gompertz experimental units and yi is a fixed
covariate corresponding to the ith unit. For a data set with a fixed covariate yi
where i “ 1, 2, ¨ ¨ ¨ , n, the hazard function for ith subject can be expressed as

hptiq “ eβ0`β1yi`γti , (2.1)

where θ “ pβ0, β1, γq is a vector of parameters, which may be estimated by various
methods such as maximum likelihood estimation. The likelihood function of θ is
given by

Lpθq “

n
ź

i“1
fpti, yi;θq

“

n
ź

i“1
fpti | yi;θqfpyiq,

where fpyiq does not depend on θ; therefore, to infer about θ it may be omitted. In
other word, the likelihood function may be considered as follows

L1pθq “

n
ź

i“1
fpti, yi;θq.

So, the maximum likelihood estimator (MLE) of θ can be derived by maximizing
L1pθq, which is the solution of the following equation

B

Bθ
logL1pθq “ 0. (2.2)

Using (2.2), the MLEs of β0, β1 and γ may be derived by solving the following
equations

n `
1
γ

n
ÿ

i“1
eβ0`β1yi

`

1 ´ eγti
˘

“ 0,

n
ÿ

i“1
yi `

1
γ

n
ÿ

i“1
yie

β0`β1yi
`

1 ´ eγti
˘

“ 0,

n
ÿ

i“1
ti ´

1
γ2

n
ÿ

i“1
eβ0`β1yi

`

1 ´ eγti
˘

´
1
γ

n
ÿ

i“1
tie

β0`β1yi`γti “ 0.
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After finding the MLEs of the model parameters, according to the invariance prop-
erty of such estimator, the MLEs of hazard function and survival function will be
derived using (1.2) and (1.3), respectively.

3 Application to a real data set
The data set utilized in this study has been collected in the dermatology clinic of
Ghaem Hospital in Mashhad from January 2013 to February 2015. The data set was
collected from patients, with plantar warts, who had referred to the dermatology
clinic. This type of warts is one of the most common wart types. The age of
patient (year) and time elapsed before treatment (month) are two features gathered
in this data set, which are presented in Table 1. The second feature is considered as
response variable in this model and the first one is assumed to be a fixed covariate.

Table 1. The wart treatment data set.

Age Time Age Time Age Time Age Time Age Time Age Time
35 12 17 5.25 35 9.25 17 5.25 35 7.25 17 5.75
29 7 23 11.75 29 7.25 23 9.5 29 11.75 23 10.25
50 8 27 8.75 50 8.75 27 10 50 9.5 27 10.5
32 11.75 15 4.25 32 12 15 4 32 12 15 5.5
67 9.25 18 5.75 67 12 18 4.5 67 10 18 4
41 8 22 5.5 41 10.5 22 5 41 7.75 22 4.5
36 11 16 8.5 36 11 16 10.25 36 10.5 16 11
59 3.5 28 4.75 63 2.75 28 4 67 3.75 28 5
20 4.5 40 9.75 20 5 40 8.75 20 4 40 11.5
34 11.25 30 2.5 34 12 30 0.5 34 11.25 30 0.25
21 10.75 34 12 21 10.5 34 10.75 21 10.75 34 12
15 6 20 0.5 15 8 20 3.75 15 10.5 20 3.5
15 2 35 12 15 3.5 35 8.5 15 2 35 8.25
15 3.75 24 9.5 15 1.5 24 9.5 15 2 24 10.75
17 11 19 8.75 17 11.5 19 8 17 9.25 19 8

In order to test the times elapsed before treatment come from Gompertz dis-
tribution, Kolmogorov-Smirnov test has been done; the observed test statistic is
0.1037 with the corresponding p-value to be 0.2928. Based on these observations,
there is no reason to reject the null hypothesis that the data come from Gompertz
distribution. The Q-Q plot is also presented in the Figure 1.

Using the data set of Table 1, the maximum likelihood estimator of θ is as follows

β̂0 “ ´3.4906, β̂1 “ ´0.0208, γ̂ “ 0.3342.

The behaviors of Sptq and hptq with various fixed covariate are plotted in Figure 2,
for y “ 20, 35 and 55.

From Figure 2 it is deduced that the survival function is decreasing with respect
to time to treatment, whereas the hazard function is increasing.
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Figure 1: Q-Q plot of Gompertz distribution for the time to treatment.

4 Concluding Remark

In this paper a Gompertz model with fixed covariate was considered. The problem of
estimating the unknown parameters was investigated and parameters of this model
were estimated by maximum likelihood method. The proposed estimators was de-
rived numerically for a given data set. In order to study the behaviors of survival
function and hazard function, Sptq and hptq graphs versus time to treatment were
plotted.
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Abstract:
In this paper, we present a fractional model for transmission dynamics of HIV/AIDS

with screening, and investigate the efficacy of the fractional derivative order α

(0.6 ď α ă 1) on the spread of HIV/AIDS epidemic using the Adams type predictor-
corrector method. The numerical results show that the derivative order α can play
the role of precautions against infection transmission, treatment of infection and
delay in accepting HIV testing.
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1 Introduction

In human societies, evolution and control of epidemics are not possible without re-
gard to any memory effect (83). When a disease develops in a community, the
experience or knowledge of people about the spread of disease in the past affects
their response. (83; 84). Saeedian et al. (83) have included memory effects in a
susceptible-infected-recovered (SIR) epidemic model and investigated role of mem-
ory effects in the disease spreading using fractional derivatives. They have men-
tioned that the reduction of the memory kernel depends on the fractional derivative
order α (0 ă α ď 1), and as α limits to 1, the memory effect is reduced. Sun
et al. (85) have presented a comparison of integer-order derivative, constant-order
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fractional derivative and two types of variable-order fractional derivatives in char-
acterizing the memory effect of systems. They have pointed out that the memory
effect characterized by fractional derivative decreases when α limits to 1. Rihan (86)
has provided a class of fractional-order differential models of biological systems with
memory, such as dynamics of tumor-immune system and dynamics of HIV infection
of CD4+ T cells. He has mentioned that the fractional derivative order α play the
role of time delay in ordinary differential models. In (87), the authors present a
fractional-order model for the dengue epidemic and show that the fractional model
simulates the first recorded epidemic in the coast of west Africa, in 2009, better
than the integer model. The authors of (88) show that numerical results of a frac-
tional order epidemic model agree very well with real data of influenza A (H1N1) at
the population level. Therefore, due to the memory effects of fractional derivatives,
the fractional calculus and their applications have been widely used in the fields of
science, engineering, and many more (89; 90).

In this paper, we consider an HIV/AIDS epidemic fractional order model with
screening that has been given by Zahra et al. (91). The model is the generalization,
to fractional order, of the model proposed by Al-Sheikh et al. (92). The authors
in (91) have discussed the local stability of the equilibria of the model by using
the fractional Routh-Hurwitz stability conditions. We investigate the efficacy of the
fractional derivative order α (0.6 ď α ă 1) on the spread of HIV/AIDS epidemic
in the model using the Adams type predictor-corrector method. We show numeri-
cally that the derivative order α can play the role of precautions against infection
transmission, treatment of infection and delay in accepting HIV testing.

2 Description of the model

The model is given by

c
0D

α
t S “ Λ ´ pβ1SI1 ` β2SI2q ´ µS,

c
0D

α
t I1 “ pβ1SI1 ` β2SI2q ´ pθ ` δ1 ` µqI1,

c
0D

α
t I2 “ θI1 ´ pδ2 ` µqI2,

c
0D

α
t A “ δ1I1 ` δ2I2 ´ pµ ` dqA,

(2.1)
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where c

0D
α
t represents the left Caputo fractional derivative of order α and for a

function f is difined as

c
aD

α
t fptq “

1
Γpn ´ αq

ż t

a

pt ´ τq
n´1´αf pnqpτqdτ, (2.2)

0 ă α ď 1, S represents the susceptible population, I1 represents the infectives that
do not know they are infected, I2 is the infectives that know they are infected (by
way of medical screening or otherwise), and A is the people diagnosed with AIDS.
Description of the model parameters is as follows:

• Λ : constant recruitment rate of susceptible population;

• β1 : the per capita contact rate for susceptible individuals with unaware infec-
tives;

• β2 : the per capita contact rate for susceptible individuals with aware infectives
pβ2 ď β1q;

• θ : the rate of unaware infectives to become aware infectives by screening;

• δ1 : the rate by which unaware infectives develops AIDS;

• δ2 : the rate by which aware infectives develops AIDS pδ2 ď δ1q;

• µ : the natural mortality rate unrelated to AIDS;

• d : the AIDS related death rate.

System (2.1) has a disease-free equilibrium point E0pΛ
µ
, 0, 0, 0q, and there is a

unique positive endemic equilibrium E˚pS˚, X˚, Y ˚, A˚q if R0 ą 1, where R0, the
basic reproduction number, can be calculated by the next generation matrix tech-
nique of (93) as:

R0 “
Λrβ1pδ2 ` µq ` β2θs

pµ ` u1 ` u2qpδ2 ` µqpθ ` δ1 ` µq

and S˚ “ Λ
R0pµ`u1`u2q

, I˚
1 “

ΛpR0´1q

R0pθ`δ1`µq
, I˚

2 “ θ
δ2`µ

I˚
1 and A˚ “ δ1I1

˚`δ2I2
˚

µ`d
.

The disease-free equilibrium E0 is locally asymptotically stable if R0 ď 1. When
R0 ą 1, the E0 is unstable and the unique endemic equilibrium E˚ under the frac-
tional Routh-Hurwitz stability conditions in (94) is locally asymptotically stable
(see (91)).
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Table 1: Parameter values used in numerical simulations

Parameter Value Reference
Λ 800 -
β1 0.000090 (91)
β2 0.000027 (91)
θ 0.02 (92)
δ1 0.10 (92)
δ2 0.08 (92)
µ 0.02 (92)
d 1 (92)

3 Numerical simulation

In this section, we examine role of the order of fractional derivative α (0.6 ď α ď 1)
on the spread of HIV/AIDS epidemic in the model. The numerical simulations are
carried out using the Adams type predictor-corrector method and applying the val-
ues of parameters given in Table 1, the initial conditions Sp0q “ 30000, I1p0q “

700, I2p0q “ 500, Ap0q “ 200, Rp0q “ Ep0q “ 0 and for different values of deriva-
tive order α.
Fig. ?? shows the effect of the fractional derivative order α on the spread of
HIV/AIDS epidemic forα “ 0.6, 0.7, 0.8, 0.9 and 1. We observe that when the
derivative order α is reduced from 1, the memory effect of the system increases, and
therefore the infection grows slowly and the number of HIV-infected population and
AIDS people increases for a long time.
On the other hand, the experience of individuals about the past of disease makes
susceptible individuals take precautions, such as vaccination and the use of condoms,
against infection transmission (83; 84). As a result, infection among the population
grows slowly. Also, unaware HIV-infected population in some communities refuse
to perform HIV testing for unpleasant reasons and fear of identification (95). This
causes delays in identifying people living with HIV, increasing the number of un-
aware HIV-infected people , rapid progression of AIDS, and increasing the number
of people with AIDS. In addition, the experience or knowledge about disease helps
the aware HIV-infected people and AIDS people to use the antiretroviral therapy
to delay the onset of AIDS and death due to AIDS. This shows that the number of
aware HIV-infected population and AIDS people increases for a long time. There-
fore, numerical results in Fig. ?? show that the derivative order α (0.6 ď α ă 1)
can play the role of precautions against infection transmission, treatment of infection
and delay in accepting HIV testing.
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4 Conclution

A fractional model for transmission dynamics of HIV/AIDS with screening has been
presented. We have investigated the effect of the fractional derivative order α (0.6 ď

α ă 1) on the spread of HIV/AIDS epidemic using the Adams type predictor-
corrector method. The numerical results have shown that the derivative order α
can play the role of precautions against infection transmission, treatment of infection
and delay in accepting HIV testing.
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Abstract:
Persistent homology is a concept in topological data analysis used to reduce the

dimensionality and complexity of the data sets, and also to determine topological fea-
tures and delete noises. In this talk, unfolding process is simulated with the constant
velocity pulling algorithm of SMD. Then, we apply the persistent homology to reveal
the topological features of intermediate configurations. Furthermore, we construct
a quantitative model based on the accumulation bar length A1 to predict the energy
and stability of protein configurations, which establishes a solid topology-function
relationship of proteins with the constant velocity pulling algorithm of SMD.
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1 Persistent homology
Homology groups are used to classify the topological spaces.

We can simplify homology group to the number of its generators denoted by βi,
called ith Betti number, counting the connected components for i “ 0, cycles for
i “ 1, holes for i “ 2, voids for i “ 3 and ... in a simplicial complex.

Consider a set of points in the euclidean space (see Figure 1). Start with a
distance α, and connect pairs of points that are no further apart than α.

Then, we fill in complete simplexes, that is if we find three points connected by
edges that form a triangle, we fill in the triangle with a 2-dimensional face. Any 4
points that are all pairwise connected get filled in a 3-simplex and . . ..

∗Speaker: am.babaee@mail.um.ac.ir

82



83 H. Mirebrahimi, A. Babaee

The resulting simplicial complex is called the Rips complex complex. We then
apply homology to this complex which reveals the presence of the holes.

How can we choose the best distance α?
If α is too small, we might see multiple connected components and small holes

that are all the fact of simply. On the other hand, if α is too large, then any two
points get connected, and we get a complete simplicial complex, which has trivial
homology.

This choice of α reveals holes, but it is important that which holes in different
values of α are persistent. Therefore, we consider all distances α.

Note that each hole appears at some particular value of α, namely α1 and disap-
pears at another α, namely α2. We can represent the persistence or age of this hole
as a pair pα1, α2q. See Figure 1.

Figure 1: When distance α increases, the complex converges to be completed.

We can also visualize the pair pα1, α2q as an interval or bar from α1 to α2. This
bar is a visual representation of the persistence of the hole. A collection of such
bars is called a barcode, and barcodes are essential objects of study in persistent
homology. See Figure 2.

2 Protein folding
Protein folding is the process by which a protein structure assumes its functional
shape or conformation. This process produces characteristic and functional 3-dimensional
topological structures from un-folded polypeptides or disordered coils. The folding
funnel hypothesis associates each folded protein structure with a global minimum
of the Gibbs free energy.

Protein folding and unfolding involve massive changes in its local and global
topology. Protein topological evolution can be tracked by the trajectory of protein
topological invariants.
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Figure 2: Horizontal axis shows the distance and vertical axis shows the number of
holes, called Betti number.

In this talk, the unfolding process is simulated with the constant velocity pulling
algorithm of SMD. Intermediate configurations are extracted from the trajectory.
Then, we employ the persistent homology to reveal the topological features of in-
termediate configurations. Furthermore, we construct a quantitative model based
on the accumulation bar length A1 to predict the energy and stability of protein
configurations, which establishes a solid topology-function relationship of proteins.

The SMD is carried out through one of three ways: high temperature, constant
force pulling, and constant velocity pulling.

In this talk, the molecular dynamical simulation tool NAMD is employed to
generate the partially folded and unfolded protein conformations. Two processes
are involved, the relaxation of the structure and unfolding with constant velocity
pulling.

As proteins used in our simulation are relatively small with about 80 residues.
The spring constant is set as 7 kcal/mol A2, with 1 kcal/mol A2 / equaling 69.74
pN A. The constant velocity is 0.005 A per time step. As many as 30000 simulation
steps for protein 1I2T and 40000 for 2GI9 are employed for their pulling processes.
We extract 31 conformations from the simulation results at an equal time interval.
The total energies (kcal/mol) are computed for all configurations. For each pair of
configurations, their relative values of total energies determine their relative stability.
A few representative conformations of unfolding 1I2T are depicted in Fig. 19. Obvi-
ously, topological connectivities, that is 2-dimensional complexes and 3-dimensional
complexes, reduce dramatically from conformation Figure 3a to conformation Figure
3g.
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Figure 3: The unfolding configurations of protein 1I2T obtained from the steered
molecular dynamics with the constant velocity pulling algorithm. Charts a, b, c,
d, e, f and g are the corresponding configuration frames 1, 3, 5, 7, 10, 20, and
30. Amino acid residues are labeled with different colors. From a to g, protein
topological connectivity decreases, while protein total energy increases (98).

3 Data analysis for protein folding
The steered molecular dynamics (SMD) is used to generate the protein folding pro-
cess. Basically, by pulling one end of the protein, the coiled structure is stretched
into a straight-line like shape. It is found that during the unfolding process, the hy-
drogen bonds that support the basic protein configuration are continuously broken.
Consequently, the number of high order complexes that may be formed during the
filtration decreases because of protein unfolding.

To validate our hypothesis, we employ the coarse- grained model in our persistent
homology analysis although the all-atom model is used in our SMD calculations.

We compute topological invariants via the distance based filtration for all 31
configurations of protein 1I2T. We found that as the protein unfolded, their related
β1 value decreases. See Figure 4.

Figure 4: Topological fingerprints of four configurations of protein 1I2T generated
by using the distance based filtration. Charts a, b, c, and d are for frame 1, 10, 20
and 30, respec- tively (see Figure ??a, 3e, 3f and 3g for their geometric shapes.).
It can be seen that as the protein unfolds, the β0 bars are continuously decreasing,
which corresponds to the reduction of topological connectivity among protein atoms
(98).

Additionally, as a protein unfolds, its stability decrease. State differently, protein
becomes more and more unstable during its unfolding process, and its total energy
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becomes higher during the SMD simulation. As discussed above, the first Betti
number decreases as protein unfolds. Therefore, there is a strong anti-correlation
between protein total energy and its first Betti number during the protein unfolding
process. However, using the least square fitting, we found that this linear relation
is not highly accurate with a correlation coefficient about 0.89 for 31 configurations
of 1I2T. A more robust quantitative model is to correlate protein total energy with
the negative accumulation bar length of β1pA´

1 “ ´A1q. Indeed, a striking linear
relation between the total energy and A1 can be found. We demonstrate our results
in the left chart of Figure 5. Using a linear regression algorithm, a correlation
coefficient about 0.947 can be obtained for 31 configurations of protein 1I2T. To
further validate the relation between the negative accumulation bar length and total
energy, the correlation matrix based filtration process is employed. We choose the
exponential kernel with optimized parameter κ “ 2 and η “ 7A . The results are
illustrated in the right chart of Figure 5. A linear correlation is found with the CC
value of 0.944.

Figure 5: Comparison between the total energies and the persistent homology pre-
diction for 31 configurations of protein 1I2T. The unfolding configurations are gen-
erated by using the SMD. The negative accumulation bar length of β1pA´

1 q is used
in the persistent homology prediction with both distance based filtration (left chart)
and correlation matrix based filtration (right chart). Their correlation coefficients
are 0.947 and 0.944, respectively. Clearly, there is a linear correlation between the
negative accumulation bar length of β1pA´

1 q and total energy (98).

To further validate our persistent homology based quantitative model for the
stability analysis of protein folding, we consider protein 2GI9. The same procedure
described above is utilized to create 31 configurations. We use both distance based
filtration and correlation matrix based filtration to compute A´

1 for all the extracted
intermediate structures. Our results are depicted in Figure 6. Again the linear
correlation between the energy prediction using negative accumulation bar length of
the first Betti number and total energy is confirmed. The CC values are as high as
0.972 and 0.971, for distance based filtration and correlation matrix based filtration,
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respectively.

Figure 6: Comparison between the total energy and the persistent homology predic-
tion for 31 configurations of protein 2GI9 (98).
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Abstract:
Topological data analysis in an approach to use topological techniques for anal-

ysis of datasets. Persistent homology is one of the main tools of topological data
analysis used for reducing the dimension and complexity of the data sets, and also to
distinguish topological features and delete noises. Site directed mutagenesis is widely
used to understand the structure and function of biomolecules. Computational pre-
diction of protein mutation impacts offers a fast, economical and potentially accurate
alternative to laboratory mutagenesis.

In this talk, topology based mutation predictor (T-MP) is introduced to dramat-
ically reduce the geometric complexity and number of degrees of freedom of proteins,
while element specific persistent homology is proposed to retain essential biological
information. The present approach is found to outperform other existing methods
in globular protein mutation impact predictions.

Keywords: persistent homology, protein folding, topological data analysis.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Persistent homology
Persistent homology is an algebraical tool to investigate topological features. In
topology, a group structure was defined called homology group for simplicial com-
plexes, denoted by Hi indexed by i “ 0, 1, 2, . . . related to the dimension of holes.
We can simplify homology to the number of its generators denoted by βi, called ith
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Betti number, counting the connected components for i “ 0, cycles for i “ 1, holes
for i “ 2, voids for i “ 3 and ... in a simplicial complex. By a simplicial complex,
we mean a set of points called vertices, a subset of pair of vertices called edges, a
subset of triple of vertices that are pairly joined by edges, called triangles, and . . . .

Consider a set of points in the euclidean space (see Figure 1). Start with a
distance α, and connect pairs of points that are no further apart than α. Then, we
fill in complete simplexes, that is if we find three points connected by edges that
form a triangle, we fill in the triangle with a 2-dimensional face. Any 4 points that
are all pairwise connected get filled in a 3-simplex and . . .. The resulting simplicial
complex is called the Rips complex or the Vietoris-Rips complex. We then apply
homology to this complex which reveals the presence of the holes.

Note that each hole appears at some particular value of α, namely α1 and disap-
pears at another α, namely α2. We can represent the persistence or age of this hole
as a pair pα1, α2q. See Figure 1.

A collection of such bars is called a barcode, and barcodes are essential objects
of study in persistent homology. See Figure 1.

Figure 1: Horizontal axis shows the distance and vertical axis shows the number of
holes, called Betti number.

The small holes, having short persistence, are not important in our data analysis
and represented by short bars in the barcodes, but larger holes, having long persis-
tence, can be considered as significant feature of the data, and they are represented
by a long bar in the barcode. Therefore, the brief interpretation of the barcodes can
be stated as: short bars represent noise, and long bars represent features.

A key property of barcodes is that they are stable under perturbations of the
data. In other words, if you move a point a little bit, the barcode only changes
a little bit. This stability of barcodes is caused by topological invariance of the
homology groups, and it is important in applications in dynamical cases. For more
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details and applications see (101).
Standard algorithms exist to compute barcodes such as streaming algorithm.

Streaming algorithms are algorithms for processing data streams in which the input
is presented as a sequence of items and can be examined in only a few passes.

The worst case runtime of these algorithms is cubed in the number of simplices,
although the complication is really worst case. In addition, improving data struc-
tures by topological simplification can speed up the computation significantly.

2 Protein stability upon mutation

Mutagenesis, as a basic biological process that changes the genetic information of or-
ganisms, serves as a primary source for many kinds of cancer and heritable diseases,
as well as a driving force for natural evolution. In laboratories, site directed muta-
genesis analysis is a vital experimental procedure for exploring protein functional
changes. Nonetheless, site directed mutagenesis analysis is both time-consuming and
expensive. Computational prediction of protein mutation impacts is an important
alternative to experimental mutagenesis analysis for the systematical exploration
of protein structural instabilities, functions, disease connections, and organism evo-
lution pathways. A major advantage of these approaches is that they provide an
economical, fast, and potentially accurate alternative to site directed mutagenesis
experiments.

The last class of approaches is knowledge based methods that invoke modern
machine learning techniques to uncover hidden relationships between protein sta-
bility and protein structure as well as sequence. A major advantage of knowledge
based mutation predictors is their ability to handle increasingly large and diverse
mutation data sets.

A common challenge for all existing mutation impact prediction models is in
achieving accurate and reliable predictions of membrane protein stability changes
upon mutation.

A key feature of all existing structure based mutation impact predictors is that
they either fully or partially rely on direct geometric descriptions which rest in ex-
cessively high dimensional spaces resulting in large number of degrees of freedom.
In practice, the geometry can easily be over simplified. Mathematically, topology, in
contrast to geometry, concerns the connectivity of different components in a space,
and offers the ultimate level of abstraction of data. However, conventional topol-
ogy incurs too much reduction of geometric information to be practically useful in
biomolecular analysis. Persistent homology, a new branch of algebraic topology, re-
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tains partial geometric information in topological description, and thus bridges the
gap between geometry and topology. It has been applied to biomolecular charac-
terization, identification and analysis. However, conventional persistent homology
makes no distinction of different atoms in a biomolecule, which results in a heavy
loss of biological information and limits its performance in protein classification. In
the present work, we introduce element specific persistent homology (ESPH), in-
teractive persistent homology and binned barcode representation to retain essential
biological information in the topological simplification of biological complexity. We
further integrate ESPH and machine learning to analyze and predict protein muta-
tion impacts. The essential idea of our topological mutation predictor (T-MP) is to
use ESPH to transform the biomolecular data in the high-dimensional space with
full biological complexity to a space of fewer dimensions and simplified biological
complexity, and to use machine learning to deal with massive and diverse data sets.
A distinct feature of the present T-MP is that the prediction results can be ana-
lyzed and interpreted in physical terms to shed light on the molecular mechanism
of protein folding energy changes upon mutation. Additionally, the mathematical
model for different types of mutations can be adaptively optimized according to the
performance analysis of ESPH features.

3 Persistent homology characterization of protein

Unlike physics based models which describe protein folding in terms of covalent
bonds, hydrogen bonds, electrostatic and van der Waals interactions, the natural
language of persistent homology is topological invariants, i.e., the intrinsic features
of the underlying topological space.

When persistent homology is used to analyze three dimensional (3D) protein
structures, one-dimensional (1D) persistent homology barcodes are obtained as topo-
logical fingerprints (TFs).

As an illustration, we consider the persistent homology analysis of a wild type
protein (PDB:1ey0) and its mutant. The mutation (G88W) occurred at residue 88
from Gly to Typ is shown at Figure 2 a and b. In this case, a small residue (Gly) is
replaced by a large one (Typ). We carry out persistent homology analysis of a set
of heavy atoms within 6A from the mutation site. Persistent homology barcodes of
the wild type and the mutant are respectively given in Figure 2 c and d.

The above topological representation of proteins does not contain sufficient bi-
ological information, such as bond length distribution of a given type of atoms,
hydrogen bonds, hydrophobic and hydrophilic effects, to offer an accurate model for
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Figure 2: An illustration of persistent homology barcode changes from wild type to
mutant proteins (100).

protein mutation impact predictions. To characterize chemical and biological prop-
erties of biomolecules, we introduce element specific persistent homology (ESPH).
Instead of labeling every atom as in many physics based methods, we distinguish dif-
ferent element types of biomolecules in constructing persistent homology barcodes.
For proteins, commonly occurring element types include C;N;O; S and H.

Figure 3: An illustration of element specific persistent homology (ESPH) indicating
the hydrophilic network (Left) and hydrophobic network (Right) at a mutation site
(100).

The most important issue in protein mutation impact analysis is the interactions
between the mutation site and the rest of the protein. To describe these interac-
tions, we propose interactive persistent homology adopting the distance function
DIpAi;Ajq describing the distance between two atoms Ai and Aj defined as

DIpAi;Ajq “

$

&

%

8; ifLocpAiq “ LocpAjq;

DEpAi;Ajq; otherwise;

where DEp¨, ¨q is the Euclidean distance between the two atoms and Locp¨q denotes
the location of an atom which is either in a mutation site or in the rest of the protein.
In the persistent homology computation, Vietoris- Rips complex (VC) and alpha
complex (AC) are used for characterizing first order interactions and higher order
patterns respectively. To characterize interactions of different kinds, we construct
persistent homology barcodes on the atom sets by selecting one certain type of atoms
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in mutation site and one other certain type of atoms in the rest of the protein.
Barcodes computed by persistent homology are capable of revealing the molec-

ular mechanism of protein stability. For example, interactive ESPH barcodes gen-
erated from carbon atoms are associated with hydrophobic interaction networks in
proteins. Similarly, interactive ESPH barcodes between nitrogen and oxygen atoms
correlate to hydrophilic interactions and/or hydrogen bonds as shown in Figure 3.
Interactive ESPH barcodes are also able to reveal other bond information; notwith-
standing, they can not always be interpreted as covalent bond, hydrogen bonds, or
van der Waals bonds in general. In fact, interactive ESPH barcodes provide an
entirely new representation of molecular interactions.

While the topological descriptors give a through examination of the atomic ar-
rangements and interactions, some other crucial properties are not explicitly char-
acterized. Additionally, due to the diverse quality of the structures examined, some
higher level descriptors such as residue level descriptors can enhance the robustness
of the model. Therefore, we include some auxiliary descriptors from the aspect of
geometry, electrostatics, amino acid types composition, and amino acid sequence.
The geometric descriptors contain surface area and van der Waals interaction. The
electrostatics descriptors are consisted of atomic partial charge, Coulomb interac-
tion, and atomic electrostatic solvation energy. The high level descriptors include
neighborhood amino acid composition and predicted pKa shifts. The sequence de-
scriptors describe the secondary structure and residue conservation score collected
from Position-specific scoring matrix.

The topological features and the auxiliary features are ideally suited for being
used as machine learning features to predict protein stability changes upon mutation.
We have examined a number of machine learning algorithms, including decision tree
learning, random forest, and gradient boosted regression trees (GBRTs).

To demonstrate the power of the proposed T-MP for protein mutation impact
predictions, we consider a data set of 2648 mutation instances in 131 proteins, called
S2648 data set.9 Additionally, a subset of the S2648 data set involving 67 proteins,
named S350 set, is used as a test set.

A comparison of the performances of various methods is summarized in Table
1. Pearson correlations coefficient (RP ) and RMSE for test set S350, and five-fold
cross validations for training set S2648, are given for various methods, including
ours.

A comparison between T-MP-1 and T-MP-2 indicates that geometric, electro-
static and sequence features give rise to approximately 5% improvement over the
original topological prediction, indicating the importance of geometric, electrostatic
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and sequence information to mutation predictions.
Our topology based approaches significantly outperform other existing physical

or empirical methods. When auxiliary features are used together with topological
features, a 5% improvement in Pearson correlation coefficient is found. Compared
with Rosetta- MP, which achieves the best performance with terms designed for
membrane proteins,19 the present T-MP-2 has a 84% higher Pearson correlation
coefficient. Nonetheless, Kroncke et als statement about membrane protein mutation
impact predictions still holds as the best Pearson correlation coefficient is only 0.57
and the best RMSE is over 1 kcal/mol. We therefore call for further methodology
developments to improve membrane protein mutation impact predictions.

This article introduces element specific persistent homology to appropriately sim-
plify biomolecular complexity while effectively retain essential biological information
in protein mutation impact predictions. Extensive numerical experiments indicate
that element specific persistent homology offers some of the most efficient descrip-
tions of protein mutation impacts that cannot be obtained by other conventional
techniques.
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In this paper, the modified variational iteration method (MVIM) is investigated

to give an approximate solution of a model for HIV infection of CD4` T-cells. MVIM
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1 Introduction
Many researchers have been researching mathematical models for the problem of HIV
and its treatment (102). Rocha et al.(103) studied stability and optimal control of a
delayed HIV model. Then Perelson et al. modified and generalized this model to new
model with four variables by a system of non-linear ordinary differential equations
(102). In recent years, several applicable models have been presented based on the
Perelsons models (104). The aim of this paper is to solve the Culshaw and Ruans
model (104) for HIV infection ofCD4`T-cells as

dT

dt
“ s ´ µTT ` rT p1 ´

T ` I

Tmax

q ´ k1V T,

dI

dt
“ k1

1V T ´ µII, (1.1)

dV

dt
“ NµbI ´ k1V T ´ µV V.
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Several approximate analytical methods are proposed for solving this system. Some

Table 1: List of variables and parameters (modified from(104)).

Parameters and variables Meaning
Dependent variables

T Uninfected CD4` T-cell concentration
I Infected CD4` T-cell concentration
V Concentration of HIV RNA

Parameters and constants
µT Natural death rate of CD4` T-cell concentration
µI Blanket death rate of infected CD4` T-cells
µb Lytic death rate for infected cells
µV Death rate of free virus
k1 Rate CD4` T-cells become infected with virus
k1

1 Rate infected cells become active
r Growth rate of CD4`T-cell concentration
N Number of virion produced by infected CD4`-cells
Tmax Maximal concentration of CD4` T-cells
s Source term for uninfected CD4` T-cells

Derived quantities
T0 CD4` T-cell concentration for HIV-negative persons

of these methods are the homotopy perturbation method(105; 106), Adomian de-
composition method(107) and etc. In this paper, the Modified variational iteration
analysis method ( MVIM) is introduced for solving the model for HIV infection of
CD4` T-cells of Culshaw and Ruan described above.

2 The modified variational iteration method
Consider the following differential equations,

Luptq ` Ruptq ` Nuptq “ gptq,

up0q “ fptq (2.1)

where L “
B

Bt
, R is a linear operator, Nuptq is a nonlinear term and gptq is an

inhomogeneous term. Following the same procedure as done in VIM and using the
following iteration formula (2.3) instead of the iteration formula (2.2):

Un`1 “ Un ´

ż t

0
tLpUnq ` RpUnq ` NUn ´ gudτ (2.2)
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Un`1 “ Un ´

ż t

0
tRpUn ´ Un´1q ` pGn ´ Gn´1udτ, (2.3)

where U´1 “ 0, U0 “ fptq, U1 “ U0 ´
şt

0pRpU0 ´ U´1q ` pG0 ´ G´1q ´ gqdτ , and
Gnptq is obtained from NUnptq “ Gnptq ` Optn`1q. Actually, for the nonlinear part
we use the Taylor series expansion. Eq. (2.3) can be solved iteratively to obtain an
approximate solution that takes the form uptq » Unptq, where n is the final iteration
step.

3 EXAMPLE

In this section, the MVIM is applied to solve the non-linear system of Eqs. (3.1) for
mentioned values of Table 1,

dT

dt
“ s ´ µTT ` rT p1 ´

T ` I

Tmax

q ´ k1V T,

dI

dt
“ k1

1V T ´ µII, (3.1)

dV

dt
“ NµbI ´ k1V T ´ µV V,

that T0 “ 1000, I0 “ 0, V0 “ 0.001, r “ 0.03, µT “ 0.02, µI “ 0.26, µb “ 0.24,
µV “ 2.4, k1 “ 2.4 ˚ 10´5, k1

1 “ 2 ˚ 10´5, N “ 500, s “ 10, Tmax “ 1500. By using
Mathematica software, three - term approximations for T , I, and V , were obtained
as follows

T3 “ 1000. ´ 0.000024t ´ 2.4 ˚ 10´7t2,

I3 “ 0. ` 0.00002t ` 2.6 ˚ 10´6t2,

V3 “ 0.001 ´ 0.002424t ´ 0.0041088t2. (3.2)

We substitute Eqs 3.2 into 3.1 and obtain the residual function ERipT, I, V q, i “

1, 2, 3 as follows:

ER1pT, I, V q “
dTn

dt
´ s ` µTTn ´ rTnp1 ´

Tn ` In

Tmax

q ` k1VnTn,

ER2pT, I, V q “
dIn

dt
´ k1

1VnTn ` µIIn, (3.3)

ER3pT, I, V q “
dVn

dt
´ NµbIn ` k1VnTn ` µV Vn,
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we define the square residual error for the three -order approximation to be:

RT “

ż 1

0
pER1pT, I, V qq2dt,

RI “

ż 1

0
pER2pT, I, V qq2dt, (3.4)

RV “

ż 1

0
pER3pT, I, V qq2dt,

then, the minimum values of RT , RI, and RV have been given in table 2.

Table 2: The minimum values of RT , RI, and RV .

Minimum value
RT 2.60205 ˚ 10´8

RI 2.13071 ˚ 10´8

RV 6.30938 ˚ 10´4

Table 3: The residual errors ER1, ER2, and ER3 fo rvarious t P p0, 1q.

t ER1pT, I, V q ER2pT, I, V q ER3pT, I, V q

0.0 ´1.77636 ˚ 10´15 0. 0.
0.1, ´7.98617 ˚ 10´6 7.71 ˚ 10´6 ´1.89886 ˚ 10´3

0.2 ´2.05751 ˚ 10´5 1.94485 ˚ 10´5 ´4.35396 ˚ 10´3

0.3 ´3.84052 ˚ 10´5 3.57921 ˚ 10´5 ´7.45106 ˚ 10´3

0.4 ´6.2115 ˚ 10´5 5.73176 ˚ 10´5 ´1.1276 ˚ 10´2

0.5 ´9.23429 ˚ 10´5 8.46017 ˚ 10´5 ´1.59144 ˚ 10´2

0.6 ´1.29727 ˚ 10´4 1.18221 ˚ 10´4 ´2.14522 ˚ 10´2

0.7 ´1.74907 ˚ 10´4 1.58752 ˚ 10´4 ´2.79751 ˚ 10´2

0.8 ´2.28519 ˚ 10´4 2.06773 ˚ 10´4 ´3.5569 ˚ 10´2

0.9 ´2.91204 ˚ 10´4 2.62858 ˚ 10´4 ´4.43195 ˚ 10´2

1 ´3.63599 ˚ 10´4 3.27586 ˚ 10´4 ´5.43124 ˚ 10´2
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4 Conclusion
In this paper, the modified variational iteration method has been successfully devel-
oped and applied for solving a model for HIV infection o CD4` T-cells. The results
obtained show that the MVIM is an accurate and effective technique for obtaining
the approximate solution of HIV infection of CD4` T-cells.
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Abstract:
The abstract Mathematical ecology and mathematical epidemiology are both

major field of studies in both biology and applied mathematics. To describe any
type of biological phenomena such as competition, coexistence, reactions between
two species and etc. In the present paper a prey- predator model which having dis-
ease is studied. In continuity, the said model is constructed. Finally, three theorem
are proved.
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1 Introduction
To find out more practical application, it is necessary to have good knowledge in
mathematics (110). Infectious diseases can be factor in regulating human population
sizes. For example, Black Death in Europe in the 14th centur killed up to one-
fourth of the human population. European diseases such as smallpox brought by
Cortez and others to Mexico decimated the native population there in the 16th

century. Rinderpest caused high mortality in wild animals in Africa at the end of
the 19th century. Myxomatosis caused enormous decreases in the rabbit population
in Australia in the 1950s. In the complex ecosystem predator-prey relationships
can be important in regulating the numbers of prey and predators. For example,
when a bounty was placed on natural predators such as cougars, wolves and coyotes
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in the Kaibab Plateau in Arizona, the deer population increased beyond the food
supply, and then over half of the deer died of starvation in 1923-25 (109).The model
we introduce consists of two populations: the prey population and the predator
population. Both of the populations have two sub classes: susceptible and infected
(108).

2 Modelling

At time T, let SpT q denotes the density of the susceptible prey, and IpT q denotes
the density of the infected prey. The susceptible and infected predator densities
are denoted by XpT q and Y pT q, respectively. We describe some basic assumptions
which have been made in the formulating of model.
H1q In the absence of predator population and with no disease, the prey population
grows logistically with intrinsic growth rate γ and environmental carrying capacity
κ( which is positive ).
H2q Only the susceptibeie prey can reproduce.
H3q The disease spreads among the susceptible prey when it comes in contact with
the infected one. The prey, once became infected, never recovers. It will either die or
will be removed by predation. The infected prey population have a disease induced
death rate in excess.
H4q We assume that the infected predators are unfit to be able to catch a healthy
predator only. But an infected prey, being weak and more vulnerable, is available
for predation by both susceptible and infected predators.
H5q The disease spread over predator population by direct contact with an infected
predator. An infected predator never becomes recovered or immuneit remains in-
fected or dies out.
H6q We further assume that the predator population have a natural death, whereas
the infected population have a disease induce excess death rate also.
The above consideration motivate us to from the following set of four nonlinear or-
dinary differential equations:
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dS

dT
“ γSp1 ´

S ` I

κ
q ´ a1SI ´ b1SX,

dI

dT
“ a1SI ´ d1I ´ f1IX ´ m1IY,

dX

dT
“ c1SX ` g1IX ´ e1XY ´ δ1X,

dY

dT
“ e1XY ´ pδ1 ` α1qY ` n1IY. (2.1)

Whit Sp0q “ S0 ě 0, Ip0q “ I0 ě 0, Xp0q “ X0 ě 0, Y p0q “ Y0 ě 0. Here the
parameter a1 is the infection rate fore prey population, b1 is the predation rate of
susceptible prey by healthy predators.The infected prey population has a disease
induced death d1, alsof1 and m1 are respectively the predation rate of infected
prey by susceptible and infected predators.The parameters c1 and g1 are the
conversion rates for healthy and infected preys to healthy predator. δ1 is the
natural death rate for the predator population has disease induced death rate α1.
We e1 as the infection rate for predator population and n1 as the conversion rate
for infected prey to infected predator. We make an obvious assumption that all the
parameters are positive.The model we have just specified has thirteen parameters,
which makes analysis difficult.To reduce the number of parameters and to
determine which combinations of parameters control the behavior of the system,
we non-dimensionalize the system p1q whit the following scaling:
s “ S

κ
, i “ I

κ
, x “ X

κ
, y “ Y

κ
and t “ γT .

Then (after some simplification) the system p1q leads to the following form:

ds

dt
“ sp1 ´ s ´ iq ´ asi ´ bsx,

di

dt
“ asi ´ di ´ fxi ´ miy,

dx

dt
“ csx ` gix ´ exy ´ δx,

dy

dt
“ exy ´ αy ` niy. (2.2)

In the above system, we have: a “ a1κ
γ
, b “ b1κ

γ
, c “ c1κ

γ
, d “ d1

γ
, e “ e1κ

γ
, f “ f1κ

γ
, g “

g1κ
γ
,m “ m1κ

γ
, n “ n1κ

γ
, α “ δ1`α1

γ
, δ “ δ1

γ
.

Definition 9. A point xe P Rn is called an equilibrium point of equation x́ “

fpt, xq(at time t˚ P R`) if fpt, xeq “ 0 for all t ą t˚.

Definition 10. The solution of equation x́ “ fpt, xq is uniformly bounded if for any
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α ą 0 and t0 P R`, there exists a β “ βpαq ą 0 (independent of t0) such that if
| ξ |ă α, then| ϕpt, t0, ξq |ă β for all t ě t0.

Definition 11. The equlibrium x “ 0 is stable for system x́ “ fpt, xq if for every
ε ą 0 and any t0 P R` there exists a δpε, t0q ą 0 such that | ϕpt, t0, ξq |ă ε for all
t ě t0 whenever| ξ |ă δpε, t0q.

3 Main results

First, equilibrium points will be presented, then some theorems will be proved. In
the next theorems boundedness, locally asymptotically stability will be studied.
System p2q may have the following equilibrium points:
a) The trivial equilibrium point E0p0, 0, 0, 0q,
b) The axial equilibrium point E1p1, 0, 0, 0q,
c) The disease-free equilibrium point E2ps2, 0, x2, 0q,
d) The predator-free equilibrium point E3ps3, i3, 0, 0q,
e) The infected-predator-free equilibrium point E4ps4, i4, x4, 0q,
f) The infected-prey-free equilibrium point E5ps5, 0, x5, y5q,
g) The interior equilibrium point E˚ps˚, i˚, x˚, y˚q.

Theorem 3.1. All solutions of system p2q which start in R4
` remain positive forever.

Proof. Since all the parameters are non-negative, the right hand side of p2q is a
smooth function of variables ps, i, x, yq in the positive octant, Ω “ tps, i, x, yq|s ě

0, i ě 0, x ě 0, y ě 0u. Ω is an invariant set. Since system p2q is homogeneous,
we have s “ 0, i “ 0, x “ 0 and y “ 0 is one of the solutions. The uniqueness
and existence theorem ensures that any trajectory starting from the first quadrant
remains in it that is no trajectory will cross the coordinate planes.

Theorem 3.2. All solutions of system p2q are uniformly bounded.

Proof. Let psptq, iptq, xptq, yptqq be any solution of the systemp2q. Since

ds

dt
ď sp1 ´ sq,

we have
lim sup

tÑ8
sptq ď 1.

Let
W “ s ` i ` x ` y.
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Therefore,

dW

dt
ď s ´ di ´ δx ´ αy

ď 2s ´ RW,R “ mint1, d, δ, αu.

Hence
dW

dt
` RW ď 2S ď 2.

Now, by applying theory of differential inequalities, we obtain

0 ď W ps, i, x, yq ď
2
R

`
W psp0q, ip0q, xp0q, yp0qq

eRt
,

And for t Ñ 8,

0 ď W ď
2
R
.

Thus, all the solutions of system p2q enter into the following region

B “ tps, i, x, yq : 0 ď W ď
2
R

` ε, for anyε ą 0u.

Now we analyze the nontrivial equilibrium point.
The interior equilibrium point E˚ps˚, i˚, x˚, y˚q of systemp2q exists if
(i) |P2| ě maxt|p1 ` aqP1 ` bP3|, | pc`ac´gqP1`bcP3

c´δ
|u,

(ii) P1, P2 and P3 are of same sign, where P1, P2 and P3 are given by:

P1 “ epabα ` fα ` cm ` deq ´ pbcmα ` meδ ` ae2q,

P2 “ epabn ` fn ` p1 ` aqcmq ´ pbcmn ` ap1 ` aqe2 ` megq,

P3 “ paen ` mnδ ` p1 ` aqcmαq ´ cmn ` den ` p1 ` aqaeα ` mgαq.

When these conditions are satisfied, the values of s˚, i˚, x˚, y˚ are given by
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s˚ “
P2 ´ p1 ` aqP1 ´ P3b

P2
,

i˚ “
P1

P2
,

x˚ “
P3

P2
,

y˚ “
pg ´ c ´ acqP1 ` pc ´ δqP2 ´ bcP3

eP2
.

Theorem 3.3. Nontrivial equilibrium point E˚ is locally asymptotically stable pro-
vided D1 ą 0, D3 ą 0, D4 ą 0 and D1D2D3 ą D2

3 ` D2
1D4.

At the interior equlibrium E˚, the Jacobian matrix JpE˚q can be obtained as
follows:

JpE˚q “

»

—

—

—

–

´s˚ ´p1 ` aqs˚ ´bs˚ 0
ai˚ 0 ´fx˚ ´mi˚

cx˚ gx˚ 0 ´ex˚

0 ny˚ ey˚ 0

fi

ffi

ffi

ffi

fl

4ˆ4

The corresponding characteristic equation is given by

λ4 ` D1λ
3 ` D2λ

2 ` D3λ ` D4 “ 0,

where

D1 “ ´trpJpE˚qq “ s˚

Sum of all the possible second order principal minors is

D2 “ e2x˚y˚ ` fgx˚2
` mni˚y˚ ` apa ` 1qs˚i˚ ` bcs˚x˚,

-(Sum of all the possible third order principal minors) is

D3 “
`

e2s˚x˚y˚ ` fgs˚x˚2
` mns˚i˚y˚ ´ enfx˚2y˚ ` megi˚x˚y˚ ` abgs˚i˚x˚ ´ cfpa ` 1qs˚x˚

˘

,

and detpJpE˚qq is

D4 “ ´enfs˚x˚2y˚ ` remg ` apa ` 1qe ´ aben ` bcmn ´ cmepa ` 1qss˚i˚x˚y˚.

By Routh - Hurwitz criterion, all the eigenvalues of JpE˚q have negative real
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parts if
#

Di ą 0, i “ 1, 3, 4,
D1pD2D3 ´ D1D4q ´ D2

3 ą 0.

Therefore, if D1 ą 0, D3 ą 0, D4 ą 0 and D1D2D3 ą D2
3 ` D2

1D4, E
˚ is locally

asymptotically stable.
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Abstract:
In the paper [HTLV-Infection: A dynamic struggle between viral persistence and

host immunity, Aaron G. Lim, Philip K. Maini, Journal of Theoretical Biology 352
(2014) 92-108], the authors proposed a mathematical model for HTLV-I infection,
which is a non-linear ordinary differential system.
In this paper we compare the numerical solution of the Euler method and the adap-
tive Runge-Kutta methods for this model.
Keywords: HTLV-I Infection, Euler Method, Adaptive Runge- Kutta method,
Modified Euler method.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

The human T-cell lymphotropic virus, or human T-cell leukemia-lymphoma virus
(HTLV) family of viruses are a group of human retroviruses that are known to cause
a type of cancer called adult T-cell leukemia/ lymphoma and a demyelinating dis-
ease called HTLV-I associated myelopathy/tropical spastic paraparesis (HAM/TSP).
For this infection Neither vaccine nor cure has been discovered. HTLV-I is a persis-
tent human retrovirus that infects between 10 and 25 million individuals world-wide.
Studies in the infectious mode of transmission of HTLV-I and the risk factors for
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HTLV-I-related diseases have been carried out in several countries, and the world-
wide differences in the prevalence, age patterns, ethnic groups and clinical presenta-
tion of related diseases have been described. Recent experiments on the persistence
of HTLV-I have leads to creation mathematical models that reveal interactions be-
tween pro-viral latency and activation. Mathematical modeling can help us break
a part the complex mechanisms of HTLV-I persistence and identify the underlying
principles that govern successful viral propagation in the presence of host immunity.
In (114) Li and Lim, formulate a mathematical model which illustrate the balance
between latency and activation in the target cell dynamics of the viral infection.
In this paper, we discrete this mathematical model by using Euler method, and then
we study the stability of its fixed point.

2 Mathematical model

A mathematical model is offered by Li and Lim (114), in which the interaction
between the latent and active in the target cells is shown.
The target cells of this virus are CD4` helper T-cells that in the first we divided
into three different compartment. As mentioned in (113), we define
y1ptq: density of healthy CD4` helper T-cells at time t,
y2ptq: density of latently infected CD4` helper T-cells at time t,
y3ptq: density of actively infected CD4` helper T-cells at time t,
y4ptq: density of HTLV-I-specific CD8` CTLs at time t.
The proposed mathematical model of HTLV-I infection is as follows:

dy1{dt “ λ ´ βy1y3 ´ µ1y1

dy2{dt “ βy1y3 ` ry3 ´ pτ ` µ2qy2

dy3{dt “ τy2 ´ γy3y4 ´ µ3y3

dy4{dt “ νy3 ´ µ4y4 (2.1)

This is a 4-dimensional nonlinear ordinary differential equation. The parameters
have been estimated using both experimental and theoretical methods in studies
of CD4` lymphocyte kinetics by Kirschner and Webb (115). We summarize the
parameters in the the Table 1, ((113)).



109 Zeynab Rezaei,Saeed Karami and Zohreh Dadi

Table 1: Table of biologically relevant dimensional initial conditions and parameter
values

Initial condition Value pcells{mm3)
y1p0q „ 850
y2p0q 0.1
y3p0q 0.5
y4p0q 0.1

Dimensional parameter Value Biological meaning
λ 10cells{mm3{day Rate of production of target cells
β 0.00110cells{mm3{day Infectious transferability coefficient
r 0.011day´1 Selective proliferation rate of actively infected cells
τ 0.003day´1 Rate of spontaneous Tax expression
γ 0.029day´1 Rate of CTL-mediated lysis of actively infected cells
ν 0.036day´0 Proliferation rate of CTLs (or CTL responsiveness)
µ1 0.012day´1 Natural death rate of healthy cells
µ2 0.03day´1 Natural death rate of latently infected cells
µ3 0.03day´1 Natural death rate of actively infected cells
µ4 0.03day´1 Natural death rate of virus-specic CTLs

3 NUMERICAL METHODS FOR ODE SYSTEM

The initial value problem for a system of m first-order differential equations has the
general form

y
1

1ptq “ f1pt, y1ptq, ..., ymptqq, y1pt0q “ y1,0,

... (3.1)
y

1

mptq “ fmpt, y1ptq, ..., ymptqq, ympt0q “ ym,0.

We seek the functions y1ptq, ..., ymptq on some interval t0 ď t ď T . Let

Yptq “

»

—

–

y1ptq
...

ymptq

fi

ffi

fl

, Y0 “

»

—

–

y1,0
...

ym,0

fi

ffi

fl

, fpt,Yq “

»

—

–

f1pt, y1, ..., ymq
...

fmpt, y1, ..., ymq

fi

ffi

fl

(3.2)

Then (3.1) can be rewritten as

Y1

ptq “ fpt,Yptqq, Ypt0q “ Y0. (3.3)
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Assume that we partition the interval rt0, T s as
"

ti : ti “ t0 ` ih, i “ 0, 1, ..., n and h “
T ´ t0
n

*

.

The Eulers method for solving the system (3.3) has the following vector form:

Yptn`1q “ Yptnq ` hfptn,Yptnqq ` Rptq, , ypt0q “ y0,

Rptq “
1
2!
h2Y2

pξq, ξ P pt, t ` hq

If a positive number M exists so that |Y2

ptq| ď M for all t P pt0, T q, it follows that

|Rptq| ď
1
2
Mh2

therefore Rptq “ Oph2q. The procedure for calculating the numerical solution to the
initial value problem via the improved Euler’s method. by way of Modified Euler
(ME) method, is to first calculate the intermediate value ŷi`1 and then the final
approximation yi`1 at the next integration point.

Ŷi`1 “ Yi ` hfpti,yiq,

Yi`1 “ Yi `
h

2
rfpti,yiq ` fpti`1, ŷi`1qs . (3.4)

The general s-stage RK method written in the form

Yn`1 “ Yn ` h
s

ÿ

i“1
biKi, (3.5)

where Ki are as follow:

Ki “ fptn ` cih,Yn ` h
s

ÿ

j“1
ai,jKjq, i “ 1 : s, ci “

s
ÿ

j“1
ai,j, i“1 : s. (3.6)

We can show the coefficient of Runge-Kutta method by the following table, known
as Butcher table. The Boucher table is triangular to the top form of explicit RK

Table 2: The Butcher array for a full (implicit) RK method

c1 a1,1 a1,2 ¨ ¨ ¨ a1,s

c2 a2,1 a2,2 ¨ ¨ ¨ a2,s
... ... ...
cs as,1 as,2 ¨ ¨ ¨ as,s

b1 b2 ¨ ¨ ¨ bs

method.
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3.1 Error Control and the Runge-Kutta-Fehlberg Method

One popular adaptive technique for controlling the error is the Runge-Kutta-Fehlberg
method (known also as ode45 method in Matlab). This technique uses a Runge-
Kutta method with local truncation error of order five,

rYi`1 “ Y `
16
135

K1 `
6656
12825

K3 `
28561
56430

K4 ´
9
50
k5 `

2
55
K6, (3.7)

to estimate the local error in a Runge-Kutta method of order four given by

Yi`1 “ Yi `
25
216

k1 `
1408
2565

k3 `
2197
4104

k4 ´
1
5
k5, (3.8)

where

k1 “ hfpti,Yiq,

k2 “ hfpti `
h

4
,Yi `

1
4

k1q,

k3 “ hfpti `
3h
8
,Yi `

3
32

k1 `
9
32

k2q,

k4 “ hfpti `
12h
13

,Yi `
1932
2197

k1 ´
7200
2197

k2 `
7296
2197

k3q,

k5 “ hfpti ` h,Yi `
439
216

k1 ´ 8k2 `
3680
513

k3 ´
845
4104

k4q,

k6 “ hfpti `
h

2
,Yi ´

8
27

k1 ` 2k2 ´
3544
2565

k3 `
1859
4104

k4 ´
11
40

k5q.

We solve the model of p2.1q by the Matlab code ’ode45’ which use Runge-Kutta-
Fehlberg method and then plot the functions yiptq, i “ 1, 2, 3, 4 in the Figure 1.

Since ’ode45’ uses a method of oder 5, we assume the solutions of ode45 as
exact solution of the model p2.1q. Then fo comparing the Euler and Modified Euler
methods we solve p2.1q by Euler method with time step size h “ 1 day and also
by the Modified Euler (ME) method with time step size h “ 5 day. The results ae
presented in Table 3 and 4.

4 Corollary

Our numerical experiments show that for solving mathematical models such as (1),
the Modified Euler (ME) method (even by larger step size) is more accurate than
Euler method.
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Figure 1: Numerical solution of model (2.1) with initial conditions and parameter
values as in Table (1) The level of healthy y1ptq, latently infected y2ptq, and actively
infected y3ptq target cells are shown in blue, red, and black, respectively, and the
level of HTLV-I-specific CTLs y4ptq is shown in green. paq The full dimensional range
showing all cell populations and highlighting their relative abundances. pbq ´ pcq A
closer examination of the behaviour of y2ptq, y3ptq and y4ptq in model (2.1).

Table 3: Numerical solution obtained by Euler and ode45 methods at different times

T yEuler
1 yEuler

2 yEuler
3 yEuler

4 yode45
1 yode45

2 yode45
3 yode45

4
T “ 0 850 0.1 0.5 0.1 850 0.1 0.5 0.1
T “ 25 838.1986 5.9675 0.3920 0.3049 838.2361 5.9316 0.3953 0.3040
T “ 250 769.0396 27.3701 1.11735 1.3736 769.1160 27.3480 1.1730 1.3724
T “ 500 760.2673 27.0242 1.1547 1.3876 760.2737 27.0276 1.1547 1.3877
T “ 1000 760.2941 26.9440 1.1528 1.3834 760.2909 26.9483 1.1525 1.3836
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Table 4: Numerical solution obtained by Modified Euler (ME) and ode45 methods
at different times
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Abstract:
Obesity as a risk factor has been found in dierent types of cancers such as breast

cancer and colorectal cancer among others. This challenges us to study the cancer-
obesity relationship and the tumor response to chemotherapy. In this work, we study
and analyze an improved optimal control protocols for chemotherapy treatments
for a mathematical model of cancerous growing tumor that is interacting with the
healthy cells, the immune system cells and the stored fat in the organism.
Keywords: Optimal control, Chemotherapy ,Equilibrium points, Stability.
Mathematics Subject Classification (2010): 49J15, 34H15.

1 Introduction
In this work, we propose and analyze a cancer-obesity model for the growth of a
tumor where chemotherapy schedules are obtained using optimal control techniques.
Our aim is to study how the diet can affect different tumor growth scenarios when
chemotherapy is applied. This is motivated by the reported relationship between
obesity and cancer in several experimental studies such as (119). Our model includes
an equation for the stored fat in the organism based on logistic growth which includes
a parameter to model the carrying capacity of the system. We claim that this
parameter, the carrying capacity, is related to anthropometric measurements of in-
body fat such as the Body Mass Index (BMI) and Waist-to-Hip ratio.

The use of optimal control to model a chemotherapy treatment is not a new idea,
but it is a well known tool to study chemotherapy protocols with constrains. For
example, in (122) it is used optimal control chemotherapy treatments to study the
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resistance to a drug in a heterogeneous cancerous tumor. There, it is concluded that
the drug must be given at the maximum rate in order to reduce the resistance. An
overview of chemotherapy models using optimal control is presented in (121) and
a discussion of the potential of application of this technique is given in (120). Our
model proposal is based on the De Pillis and Radunskaya model, reported in (121)
which also models the chemotherapy treatment using control theory. Their goal is
to minimize the tumor cells while keeping the healthy cells above a predetermined
level.

2 The cancer-obesity model description

Consider the following control model (121),

9I “ s `
ρIT

α ` µF ` T
´ c1IT ´ d1I ´ a1p1 ´ e´uqI (2.1)

9T “ r1T p1 ´ b1T q ´ c2IT ´ c3TN ` c5TF ´ a2p1 ´ e´uqT (2.2)
9N “ r2Np1 ´ b2Nq ´ c4TN ´ a3p1 ´ e´uqN (2.3)
9F “ r3F p1 ´ b3F q ´ c6FT ´ a4p1 ´ e´uqF (2.4)
9u “ v ´ d2u, (2.5)

where Iptq denotes the number of immune cells at time t, T ptq the tumor cells at
time t, Nptq the normal cells at time t, F ptq the fat stored in adipocytes at time
t, and uptq the drug in the organism. The function vptq models the application
protocol of chemotherapy, while d2 is the constant related to the natural decay of
the drug. The parameters associated to immune system are: s the basal response,
ρ the immune response stimulated by the cancer cells, α and µ are constants that
model the immune response caused by tumor in a form of a saturation term. The
constants r1, r2 and r3 are the growth rates for the tumor cells, the normal cells
and the fat, respectively. Also, the constants b1, b2 and b3 are the inverses of the
carrying capacity of the populations of T , N and F , respectively. The coefficients
of the competition terms among the different populations are the constants c1, c2,
c3, c4, c5, and c6 is the coefficient of the term that models the contribution of F to
the tumor growth rate. The constants a1, a2, a3, and a4 model the kill effectiveness
of the drug on I, T , N and F populations, respectively.

The equilibrium points of this model can be presented for two cases: no fat
(F “ 0) and fat present (F ‰ 0).
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2.1 No fat in adipocytes, F “ 0

When F “ 0 in our model without chemotherapy, all the equilibria are unstable.
We have named the points based on their biological interpretation as:

• Death: We name this point in this way because there are no normal cells
pN “ 0q and the only present population is the immune cell population, P1 “

p s
d1
, 0, 0, 0q.

• Total cancer invasion: We call this point this way because N “ 0 and the
tumor cell density is not zero, T ‰ 0. This means that the tumor has invaded
the organ because only the immune cells and cancer cells remain. This also
implies the death of the organism.The point has the form P2 “ pI, T, 0, 0q.

• Tumor-free point: As the name indicates, in this point the tumor has been
eradicated because the variable T “ 0 and we still have healthy cells. This
state represents the healthy equilibrium where only normal cells and immune
cells remain. It have the form P3 “ p s

d1
, 0, 1

b2
, 0q.

• Coexistence equilibrium: We name an equilibrium point of coexistence when-
ever all its rst three entries are non-zero, so we have these three populations
coexisting. We can nd one, two or three points of this type depending on the
parameter values, P4 “ pI, T,N, 0q.

2.2 Equilibria with fat in adipocytes F ‰ 0

For the following equilibrium points the existing fat in the organism is F ‰ 0.
These points play a important role because they could change their stability. These
equilibrium points are named using the same terminology of the previous equilibria
and they are:

• Death: PO1 “ p s
d1
, 0, 0, 1

b3
q. Only immune cells and fat are present. It is easy

to verify that this equilibrium point is always unstable. This state can not be
achieved in reality because it would imply that there are not healthy cells in
the organism.

• Total cancer invasion: PO2 “ pI, T, 0, F q is a state of death because there are
not normal cells. The stability of the equilibrium point changes depending on
the parameter values.

• Tumor-free: Po3 “ p s
d1
, 0, 1

b2
, 1

b3
q is a healthy state because the tumor cell

population is zero. This point is stable when r1 ` c5
b3

ă c2s
d1

` c3
b2

. Its stability
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depends on the tumor growth rate, the interaction coecients and the source
rate of the immune system.

• Coexistence: PO4 “ pI, T,N, F q is a state where all types of cells coexist. It
is possible to nd zero, one, two or three points of this type depending on the
parameter values. The stability depends on the parameter values.

3 Optimal control and chemotherapy

In this section, we briefly describe the optimal control approach and its relationship
with the chemotherapy. The optimal control problem consists of forcing the solution
of a system out an undesirable set at a given time. Let us denote the state variables
by pI, T,N, F, uq “ px1, x2, x3, x4, x5q.
In (121), the authors considered the objective functional as:

min Jpx, vq “ x2ptf q, (3.1)

which minimizes the final tumor size but not the total tumor size at the time interval.
Hence, we propose another objective which minimizes the total tumor size along with
the costs of chemotherapy, as:

min Jpx, vq “

ż tf

t0

ˆ

x2ptq `
1
2
ϵv2ptq

˙

dt, (3.2)

where ϵ is the cost of chemotherapy per a unit of v. Moreover, in (121), the time
interval considered as r0, tf s, i.e. the chemotherapy should be started before any
change in organism. As simulation results show, the tumor size is constant for the
first 5 days, i.e. t P r0, 5s. Thus, we assume t0 “ 5 days for starting the chemother-
apy treatment.
Now, the problem is minimizing the objective function in (3.2), subject to the equa-
tion system (2.1) and the constraint:

kpx, t, vq “ x3ptq ´ 0.75 ě 0, t0 ď t ď tf (3.3)

which keeps the normal cells above a minimum level of 75% of its normalized total
amount.
Following the classical control theory, we derive the associated hamiltonian for the
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optimal control problem:

H “ x2ptq `
1
2
ϵv2ptq `

5
ÿ

i“1
ppiptq 9xiptqq ` ηptqkptq,

where the functions piptq, are called the co-state variables, which satisfy 9pi “ BH
Bxi

, or
explicitly:

9p1 “ ´p1

ˆ

ρx2

α ` x2 ` µx4
´ c1x2 ´ d1 ´ a1p1 ´ e´x5q

˙

` c2p2x2 (3.4)

9p2 “ ´1 ´ p1

ˆ

pα ` µx4qρx1

pα ` x2 ` µx4q2 ´ c1x1

˙

´ p2pr1 ´ 2r1b1x2 ´ c2x1 ´ c3x3 ` c5x4

(3.5)

´ a2p1 ´ e´x5qq ` p3c4x3 ` p4c6x4 (3.6)
9p3 “ p2c3x2 ´ p3pr2 ´ 2r2b2x3 ´ c4x2 ´ a3p1 ´ e´x5qq ´ ηptq (3.7)

9p4 “ p1
ρx1x2µ

pα ` x2 ` µx4q2 ´ p2c2x2 ´ p4pr3 ´ 2r3b3x4 ´ c6x2 ´ a4p1 ´ e´x5qq (3.8)

9p5 “ e´x5pp1a1x1 ` p2a2x2 ` p3a3x3 ` p4a4x4q ` p5d2, (3.9)

where ηptq ď 0 with ηptqkptq “ 0 and

ηptq “

#

´1, if x3ptq ď 0.75
0, otherwise.

(3.10)

Foregoing costate system have the following boundary conditions:

piptf q “ 0, i “ 1, 2, ¨ ¨ ¨ , 5.

Finally, the optimal control law is given by,

BH

Bv
“ ϵvptq ` p5ptq “ 0,

which yields

v˚ptq “ ´
p5ptq

ϵ
(3.11)
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Abstract:
In this paper, we present the solutions of fractional Lotka-Volterra equations

with the help of linear B-spline polynomials. The key-idea is to expand unknown
function in terms of the B-spline polynomials. In this way, we use the operational
matrices of fractional integration and multiplication. By using these matrices, the
given problem can be changed to the system of algebraic equations, and by solving
this system, we obtain the solutions of problem. Numerical results are demonstrated
the efficiency and simplicity of this technique for this historical biological model.

Keywords: Fractional differential equations; Lotka-Volterra model; B-spline.
Mathematics Subject Classification (2010): 34A08, 26A33.

1 Introduction
Fractional Calculus generalizes to real order the well known concept of derivative
and integral of integer order. Even if the birth of fractional calculus can be set at the
beginning of the 18th century, its use for the modeling of real-life problems is very
recent. Nevertheless, in the last decades the interest in fractional differential and
integral equations is rapidly growing and models involving fractional derivatives
and/or integrals are widely used in several fields. The reason why the fractional
derivative is more suitable to model real-world problems is related to its non-local
behavior that is able to introduce in a elegant way into the model, either memory
effects in time or non-locality in space. Systems of nonlinear differential equations
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arise in many scientific models such as biological systems and are used in various
fields as engineering, chemistry, and ecology. In 1925, Lotka (125) developed the
motion of an evolutionary system based on two fundamental changes, those involv-
ing matter between components of a system and those involving exchanges of energy.
Unlike being grounded in chemistry, Lotka believed that these ideas could be ap-
plied to any biological system. In 1926, Volterra (127) developed the well-known
mathematical models of multispecies interaction. These models, the predator, prey
and competition models are known today as Lotka-Volterra models. In this paper,
we consider numerical solutions of fractional Lotka-Volterra models using B-spline
functions as:

Dαxptq “ aptqxptq ´ bptqxptqyptq

Dβyptq “ cptqxptqyptq ´ dptqyptq (1.1)

where 0 ă α ď 1, 0 ă β ď 1 and aptq, bptq, cptq, dptq are, respectively, the growth rate
of prey,the efficiency of the predators ability to capture theprey, the growth rate of
prey and the death rate of predator. Dα is the differential operator of order α in
the sense of Caputo as following:

Dα
t xptq “

$

’

’

’

&

’

’

’

%

1
Γpn´αq

şt

0
xpτq

pt´τq1`α´ndτ, n ´ 1 ă α ă n, n P IN,

dn

dtn
xptq, α “ n.

(1.2)

Also Iα
t the fractional Riemann-Liouville integral, namely (126):

0I
α
t xptq “

1
Γpαq

ż t

0

xpτq

pt ´ τq1´α
dτ, α ą 0. (1.3)

B-spline function is divided the interval into a collection of subintervals and con-
struct a different approximating polynomial on each subinterval. unknown function
is approximated with a linear B-spline functions. To this end, we use Operational
matrix of integration. In consequence, the diven problems convert to systems of al-
gebraic equations. Solutions of problem is obtained by solving the aforesaid systems
.
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2 Linear cardinal B-spline function on [0,1]

Boor et al. (123) define the explicit expression of N2ptq (the linear B-spline function)
in the following form:

N2ptq “

2
ÿ

k“0

ˆ

2
k

˙

p´1qkpt ´ kq` “

$

’

’

’

&

’

’

’

%

t t P r0, 1q

2 ´ t t P r1, 2q

0 otherewise

(2.1)

Suppose Nj,kptq “ N2p2jt´kq, j, k P Z and Bj,k “ supprNj,ks “ close tt : Nj,k ‰ 0u.
By inspection we have that

Bj,k “ r2´jk, 2´jp2 ` kqs, j, k P Z (2.2)

The support of Nj,kptq can be outside of r0, 1s,therefore we have to define Nj,kptq on
r0, 1s. Thus, we conclude that

ϕj,k “ Nj,kptqχr0,1sptq, j P Z (2.3)

As a result for k “ 0, 1, ¨ ¨ ¨ , 2j ´ 2 we have

ϕj,k “

2
ÿ

i“0

ˆ

2
i

˙

p´1qip2jt ´ pk ` iqq` “

$

’

’

’

&

’

’

’

%

2jt ´ k k
2j ď t ă k`1

2j

2 ´ p2jt ´ kq k`1
2j ď t ă k`2

2j

0 otherewise

(2.4)

Also, left and right boundary scaling functions for k “ ´1, 2j ´ 1 are, respective:

ϕj,´1 “

$

&

%

1 ´ 2jx, 0 ď t ă 1
2j ,

0, otherewise,
(2.5)

and

ϕj,2j´1 “

$

&

%

2jt ´ 2j ` 1, 1 ´ 1
2j ď t ă 1,

0, otherewise.
(2.6)



123 Tajadodi, H.

2.1 The function approximation

For a fixed j “ J , a function xptq is defined over r0, 1s can be represented by B-spline
scaling functions as

xptq »

2j´1
ÿ

k“´1
ckϕj,kptq “ CT ΦJptq (2.7)

where

C “ rc´1, c0, . . . , c2j´1sT (2.8)
ΦJptq “ rϕj,´1ptq, ϕj,0ptq, . . . , ϕj,2j´1ptqsT (2.9)

Then, ck can be obtained by

cT
k “

ż 1

0
xptqrϕT

j,kptqdt, k “ ´1, . . . , 2j ´ 1, (2.10)

where rϕj,k is the vector of dual basis of ΦJ . By using the linear combinations of ϕj,k,
the rϕj,k are obtained as:

rϕj,k “ P´1ΦJ (2.11)

where

P “

ż 1

0
ΦJptqΦT

J ptqdt “
1

2J´2

»

—

—

—

—

—

—

–

1
12

1
24

1
24

1
6

1
24

. . . . . . . . .
1
24

1
6

1
24

1
24

1
12

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(2.12)

where P is a symmetric p2J ` 1q ˆ p2J ` 1q matrix. Replacing (2.11) in (2.10) we get

cT
k “

ˆ
ż 1

0
xptqϕT

J ptqdt

˙

P´1. (2.13)

2.2 Fractional integration within the operational matrix

The fractional integration of ϕJ with respect to RiemannLiouville is given by

0I
α
t ΦJptq » IαΦJptq, (2.14)
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where Iα is the p2J ` 1q ˆ p2J ` 1q fractional operational matrix of integration for
B-spline function.
Proof: See (124).

2.3 The operational matrix of product

The operational matrices for the product Ĉ using linear B-spline function is given
by

CT ΦJpxqΦJpxqT » ΦJpxqT Ĉ, (2.15)

where Ĉ is an p2J ` 1q ˆ p2J ` 1q matrix.
Proof: For more information about operational matrix of product, refer to (124).

3 Numerical solutions of the problem

In this section, consider the fractional Lotka-Volterra equation (1.1) with intial
conditions

xp0q “ δ, yp0q “ γ. (3.1)

We expand the fractional derivative in Eq.(1.1) by linear B-spline function ΦJ as
follows:

Dαxptq » XT ΦJptq, Dβyptq » Y T ΦJptq (3.2)

Applying the fractional integral operator on the both sides of Eq. (3.2) and by
replacing initial condition, we can obtain:

xptq » XT
0I

α
t ` ΦJptq ` δ “ pXT Iα ` eT

1 qΦJptq “ XT
α ΦJptq, (3.3)

yptq » Y T
0I

β
t ` ΦJptq ` γ “ pY T Iβ ` eT

2 qΦJptq “ Y T
α ΦJptq (3.4)

where Iα, Iβ are operational matrix of fractional integration and

e1 “ re1´1, e10, . . . , e12j´1sT (3.5)
e2 “ re2´1, e20, . . . , e22j´1sT (3.6)
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Also using (2.7), we approximate functions aptq, bptq, cptq, dptq by the linear B-spline
basis as:

aptq » AT ΦJptq, bptq » BT ΦJptq, cptq » CT ΦJptq, dptq » DT ΦJptq(3.7)

Now, by substituting (3.3)-(3.7) into (1.1), we obtain

XT ΦJptq “ AT ΦJptqΦT
J ptqXT

α ´ BT ΦJptqXT
α ΦJptqΦT

J ptqY T
β

Y T ΦJptq “ CT ΦJpxqXT
α ΦJptqΦT

J ptqY T
β ´ DT ΦJptqΦT

J ptqY T
β (3.8)

Then, from (2.15) we have

AT ΦJptqΦJptqTXT
α » ΦJptqT ÂXT

α “ XαÂ
T ΦJptq,

BT ΦJptqXT
α ΦJptqΦT

J ptqY T
β » BT ΦJptqΦJptqT X̂αY

T
β “ YβX̂α

T B̂T ΦJptq (3.9)
CT ΦJptqXT

α ΦJptqΦT
J ptqY T

β » CT ΦJptqΦJptqT X̂αY
T

β “ YβX̂α
T ĈT ΦJptq

DT ΦJptqΦJptqTY T
β » ΦJptqT D̂Y T

β “ YβD̂
T ΦJptq

where Cα “ CT Iα, Now substituting Eqs. (3.9) in Eq. (3.8) we obtain:

XT ΦJptq “ XαÂ
T ΦJptq ´ YβX̂α

T B̂T ΦJptq

Y T ΦJptq “ YβX̂α
T ĈT ΦJptq ´ YβD̂

T ΦJptq (3.10)

or

pXT ´ XαÂ
T ` YβX̂α

T B̂T qΦJptq “ 0
pY T ´ YβX̂α

T ĈT ` YβD̂
T qΦJptq “ 0 (3.11)

Finally,

XT ´ XαÂ
T ` YβX̂α

T B̂T “ 0
Y T ´ YβX̂α

T ĈT ` YβD̂
T “ 0 (3.12)

The vector X,Y can be obtained by solving the above system. Consequently de-
termine the approximate value of Xptq, Y ptq can be calculated from (3.3). We
solve the fractional Lotka-Volterra predator-prey system (1.1) with initial condi-
tions xp0q “ 1.3, yp0q “ 0.6 and aptq “ t, bptq “, cptq “ t, dptq “ 1. Fig. 1 is shown
numerical results for J “ 3 and different values of α “ β “ 1, 0.95, 0.9.
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Figure 1: Numerical solutions xptq, yptq for different values of α, β
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