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Picard iteration method for ecological models; growth rate

Ehsan Ameli*, Mohammad Hosein Rahmani Doust and Ehsan Anjidani
Department of Mathematics, Neyshabur University, Neyshabur, IRAN

Abstract:

The present paper deals with the growth rates such as exponential growth rate,
harvest exponential growth rate and allometric growth rate equations. First, these
models are introduced and then, their solutions are investigated by picard iteration
method.

Keywords: Growth Rate, Differential Equation, Ecological Modeling, Picard It-
eration Method Mathematics Subject Classification (2010): 92D40, 45E10

1 Introduction

Ecology, basically studies the relationship between species and their environment. This
study is in such areas as population changes, predator-prey and competition inter-
actions, multi-species societies, renewable resource management and etc. The study

of population changes has a very long history: Fibonacci, in his arithmetic book in

1202 set a model involving an hypothetical growing rabbit population (3).

Thomas Malthus published a book in 1798 stating that populations with unlimited

natural resources grow very rapidly, after which population growth decreases as re-
sources become depleted. This accelerating pattern of increasing population size is

called exponential growth (4).

*Speaker: ameliehsan73@gmail.com
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Population size

Time

Figure 1: The exponential growth rate
Julian Huxley and Georges Teissier coined the term "allometry” in 1936. Allom-

etry designates the changes in relative dimensions of parts of an organism that are

correlated with changes in overall size (1).

a=1 a=1 a<l1

x() x(y) x(y)

—

y ¥y > )

¥: Size of first part of organism X : Size of second part of organism

Figure 2: The allometric growth rate, z(y) = ky“

In this paper, first the exponential growth rate, harvest exponential growth rate
and allometric growth rate are introduced. Then, the solutions of these equations

are investigated in the section of 3.

2 Preliminaries and models

2.1 The Exponential Growth Rate

Let ¢ be as time and z(t) as density of population. The exponential growth rate

may be written as following form:

(2.1)
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where r is a constant and xq is an initial value.
It is obvious that the solution of the above Initial Value Problem (I.V.P) is given

as follows:
2(t) = zpe™.

2.2 The Exponential Growth Rate; Having Constant Har-

vesting Factor

By considering constant harvesting factor the following model may be found. This
model can be as

' =rx—h,

(2.2)
z(0) = xo,

where r and h are positive constants and z is an initial value. The solution of model
(2) is
h h

x(t) = (o — ;)e” +

2.3 The Allometric Growth Rate

Two sizes x and y are allometrically related if their relative growth rates are propor-

tional, or
/ /
o ag, a>0. (2.3)
x Y

Then, the solution of this equation is given as follows:

AT
z(y) = O(y())

where xy and yg are initial values (2).

3 Main results

In this section, we present a theorem by using picard iteration method. In fact, this
method finds the solutions in the form of series for the models introduced in the

previous section.

Theorem 3.1. The following statments for exponential growth rate, harvest expo-
nential growth rate and allometric growth rate are true:

(1) The exponential growth rate (2.1) has solution
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where r is a positive constant and xq is an initial value.

(13) The harvest exponential growth rate (2.2) has solution

- (D) § 21

: r

where r and h are positive constants and xq is an initial value.

(1ii) The allometric growth rate (2.3) has solution

(aLn ﬂ)k

_ o Yo
Z‘(y) = Ty Z k" )
k=0 :

where a s a positive constant and xy and yy are initial values.

Proof. (i) Consider the sequence of approximate solutions
Tni1(t) = o + Sé re,(s)ds, x(0) = x.
Then,

t j—

x1(t) = mo + Sé rrods = xg + [rxos]o

xo(1 +1t),

2

= :100(1+7’t+%t2),

To(t) = xo—i-gé rey(s)ds = xo+rzg Sé(l—krs)ds = x0+mc0[s+g52]o

2
w3(t) = mo + § raa(s)ds = xo + §; rag(1 + s + %52>d5 =
2 2 3

To + TJZO[S + 282 + %83]3 =xo(l + 7t + L + T—tS).

2! 3!

By these expressions, it is easy to guess the n'* approximation

7,,2 Tnfl 7 n (Tt)k
W) =zl +rt+ =2+ ..+ ———t"  —") =
n(t) = ol +rt+ 5 (n—1)! i) = w0 2
In this manner, we find out a sequence of approximate solutions for the I.V.P. Thus
) AL
x(t) = lim z,(t) = o D, (rt)” _ zoe'™.
n—00 i k!

(77) Consider the iteration scheme:
Tpi1(t) = zo + S(t)(rmn(s) — h)ds, z(0) = x.

Hence

h
x1(t) = mo + Sé(m:o — h)ds = zo + [(razo — h)S]é = 20 + (20 — ;)rt.

h
Put A = g — —. Then, we have
r
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x1(t) = xo + Art, xo(t) = 2o + Sé(rwl(s) —h)ds = xo + Sé[r(:vo + Ars) — h]ds =
2 2

2 t_ .
o + [mcos + AES — hs]o =x9 + Art + Aat :

2

x3(t) = xo + Sé(r:@(s) —h)ds = xy + Sé[r(:r;o + Ars + A%SQ) — hlds =
2 3

T "3

xo + Art + Agt + Aﬁt .

It is easy to guess the n'” approximation

7,.2 ) 7,.3 5 n—1 . ,rn
J}n(t)ZZL‘Q—i-ATt-i—AEt +A§t +...+A(n_1)!t +Aﬁt =
n(rt h n (rt)k
x0+AZ<T) = AZ(T')
k=1 im0 K!
Therefore
. h oo( )k h h t h
o(t) = Jim za(t) = (20— 1) & g+ 0= (@ — e+

(731) Consider the allometric growth equation

x/ /

—:ay—, a> 0.
x Y

dz x

It follows that —= — oY and we get ' = a—. Now by using iteration scheme for
Z ) Y

this equation, we have

Y r,.(s
roay) = oo+ [ s o) =

Yo

Y
21(y) = o + GJ s = o + azo[in s]yo =xo(1+aln E),
s

Yo
Y (s) 1+ aln
:L‘Q(y)zxo—kaf 13 ds=xo+axof %ds
Yo Yo
—x0+a:ﬂ0ln—+a Sy deS
Yo Yo s

= Xo + ax lnyy + a’x [§(ln2y — In*yo) — Inyo(lny — In yo)]
0

2
= 9 (1 + alnﬁ + aln2y> )
v 20y
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a2
1+aln —In*—

ds zxg—i-aacof 2 Y0 gs

2 S
Y ry(s)
S

2 Ins—1
:xo+a$olny+a;0ln2y+axoj (ns nyo)d

Yo Yo 2
ZC

vl vl Y1
—$0+ax0ln£+wl 23/ — f nsds—?lnyof nsds+ln2yoj fds]
Yo Yo 2 v S yo S
320

xg(y)zxo—i-aJ

Yo

S

2
= x0 + axgln Y 028 8 [ (Iny — In*yo) — Inyo(In’y — In*yo) + In®yo(Iny — Iny
Yo 2 Yo 2 13
Y 2 Y 3Y
=xo(1 +aln—= —l + —l
zo(l+a ny k& yo)

And so, the following n'* approximation will be guessed

2 n—1 n
y a9y n—1Y a4, Y
To(y) =2o(l +aln—+ —=In"=—+ ... + In"7" =+ —In"—) =
< ol vo 2! o (n —1)! v n! yo)
. (aln Y )k
i) Z 0
E=0
Therefore
Y
0 (a lni)k aln y
z(y) = lim x,(y) = x9 >, —— =xpe Y0 = zo(—)"

n—w0 k=0 Yo

4 Conclusion

In this research work, we used the picard iteration method to find the solution of
equations related to three models of the growth rates. These obtained series are

Maclaurin expansions for the classical solutions.
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Meshless method for solving a equation arisen form the

spatial spread of an epidemic

Fatemeh Asadi-Mehregan®, Pouria Assari

Department of Mathematics, Faculty of Sciences, Bu-Ali Sina University, Hamedan, Iran

Abstract:

The model of the spread of an infection within a spatially distributed population
under some epidemiological assumptions can be simulated by a nonlinear integral
equation of mixed Volterra-Fredholm type. In this paper, we intend to propose a
computational method for solving these types of biological problems. The presented
scheme utilizes the shape functions of the local radial basis functions constructed on
distributed data as a basis in the discrete collocation method. The algorithm of the
new approach is computationally attractive and easy to implement on computers.
Since the scheme does not require any mesh generations on the domain, it can be
identified as a meshless method. The validity and efficiency of the new technique

are demonstrated through one numerical example.

Keywords: Infectious contagion equation, Computational biology, Volterra-
Fredholm integral equation, Meshless method Mathematics Subject Classifi-
cation (2010): 13D45, 39B42

1 Introduction

Consider a population living in a habitat © (a closed subset of RY) and susceptible
to some contagious disease. The main aim is to give a heuristic derivation of an
equation for the evolution of an epidemic among the population on the basis of some
simple assumptions (7). It should be noted that the infection is the only dynamical

phenomenon which investigates in the current model. But to study this phenomenon

*Speaker: f.asadi@sci.basu.ac.ir
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due to time dependence, as in other time-dependent models, it is assumed that
contagious disease does not depend on factors associated with this parameter such as
birth, migration, and other contamination factors. In addition, the contamination
from the disease is assumed to affect the other sites in terms of sensitivity and
vulnerability at one point. Therefore, the transmission and transmission of infectious

diseases depends on the location and the time.

Let S(t,x) and I(t,x) denote the density of susceptibles and infectives, respectively,
at time ¢ and the position x. Let i(¢, 7,x)d7 be the density of infectives which were

infected some time between ¢ — 7 and ¢t — 7 — d7 (7). Then
Q0
I(tx) = J it 7.%)dr. (1)
0

The susceptible individuals are infected by the infectious influence and become in-
fectious themselves after a period the length of which depends on their resistance to
the disease as well as on the strength of the infectious influence. We suppose that

an individual, once it has been infected, cannot become susceptible again (7).

Let the infectivity B = B(t,x) be defined as the rate at which susceptibles become

infective. The basic assumptions in this paper are as follows (7):

i: the disease induces permanent immunity, so the transition from 7 to S does not

Occur,

ii: a nonnegative function A(7,x, ) is given such that

B(t,x) = LOO Li(t,T, §)A(T,x, £)dedr.

Thus, A(T,x,&) describes the infectivity at x due to one infective of 'age of illness’
T at £ Many characteristics of both the disease and the habitat are in fact incorpo-
rated in A.

The above definitions and assumptions lead to the following system of dynamical

equations:
D) = —S(xB(x),
. oS
i(t,0,x) = g(t,x),

it,7,x) = i(t—7,0,%).
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It is easy to see that
aaf(t,x = S(t,x {f f VA(T,x,£)dédT — (t,x)},

h(t,x) = LOO fQi(O,T, OA(t + 7,x,&)dEdrT.

where

How to spread and analyze the spread of an infectious disease can be examined using

the following time-dependent integral equation (7):

u(t, x) f J u(t —7,8))So (&) A(T, x, £)dédT + f(t,x), (1.2)

where

t

., glz)=1—¢e7 f(t,x) = f h(r,x)dr.

0

S(t,x)

u(t,x) = —1In 55 ()

In the literature, the nonlinear Volterra-Fredholm integral equation (1.2) is known
as the equation of the epidemiological distribution of epidemics which was first
examined by Deikmann in 1978 (7).

In the past few decades, radial basis functions (RBFs) as an effective meshless
technique have been applied for interpolating a function over a set of scattered points.
Since the classical RBFs are global functions, the resultant coefficient matrix with
respect to them will be full and large when many points in the domain are considered
for obtaining high-order accurate results (10). Although this coefficient matrix is
non-singular, usually it is ill-conditioned, i.e. the condition number of this system is
very large and so a small perturbation in the initial data may produce a large amount
of perturbation in the solution (10). To overcome these difficulties, the advantages
of RBFs with local supports can be utilized which called local radial basis functions
(LRBFs) investigated in the manuscripts (8; 9). To construct the approximation
function by LRBFs, the only geometrical data needed are used fallen within local
influence domain. Therefore, LRBFs needs much less computational work than the
globally supported RBFs and eventually, the interpolation matrix of LRBFs will be
well-conditioned.

In the current study, we present a method for obtaining the numerical solution
of nonlinear Volterra-Fredholm integral equation (1.2). The method is based on the
discrete collocation method by combining the locally supported radial basis functions
are used to approximate the mentioned integral equations. The scheme uses the

composite Gauss-Legendre quadrature rule to compute its integrals. Furthermore,
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the technique can be easily expanded to most classes of integral equations. It is seen
that the presented method in the current paper in comparison with the method based
on the globally supported RBFs for solving integral equations is well-conditioned and

has much fewer volume computing.

2 Local radial basis functions

To approximate a function u(x) at an arbitrary point x € Q = R? using the global

radial function ®(x) = ¢(||x|) we can give the following linear combination (10):

N
u(x) ~ Gyu(x) = > cd(|x —x[),  xeQ (2.1)
i=1
To determine the values of the coefficients {cy, ..., ¢y}, one can evaluate the expansion
(2.1) at all nodal points X = {x1,...,xy} by the interpolation equations.
Suppose {;}¥, is an open bounded cover for €. Therefore, a function u(x) on

Q;, i =1,...,N, cab be estimated as follows:

u(x) ~ Liu(x) = Y o' (x —x;]), xe;, (2.2)

Jel;

where I; is the set of indexes corresponding to points fallen within the influence
domain ; (or cover) with the cardinal number |;| = n;.
In the expansion (2.2), the coefficients {c}} e;, are determined by enforcing the in-

terpolation conditions
[,iu(xj) = Uj. (23)

Therefore, we can rewrite the interpolation problem as the matrix form
B'C' = U, (2.4)

where
Ul = [u1, us, ...,uni]T, Cl = [c’i,cé,. ¢ ]T, (2.5)

and B* is an n; x n; real symmetric coefficient matrix.

Therefore, we can represent the expansion (2.2) as (5; 6)

Lalx) = 3 uui(x), (2.6)

Jel;
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where

Yix) = Y [B ot (Ix —xil), je L. (2.7)

k}EIi

We explain the LRBF collocation method to approximate a function u(x) at an
arbitrary point x € R? utilizing the RBF ®(x) = ¢(|x||) by a linear combination as

follows:

N
~ Y ugi(x), xeq, (2.8)
=1

where the functions 1!(x) are called as the shape functions for the LRBF interpola-
tion which satisfy the Kronecker delta condition (8).

3 Solving infectious contagion equation

We give the d-dimensional Volterra-Fredholm integral equations as follows:

u(t, 1, ..., Tq J J w(t—7,&1, ., €a0))S0(ELy oy E0) AT, X1, ooy g, €)AE, ooy AEgdT+ [ (8, 21, ..y ),
(3.1)

where (t,z1,...,24) € [0,1] x Q@ = D. In the collocation method, to determine

the coefficients {¢;}, we replace the unknown function u(t,xy,...,z4) by the LRBF

interpolation expansion and pick up the nodal points (t;,zy,,...,2q,), j = 1,.... N

in the integral equation (1.2) as follows:

N .
Zain(tj,.le,..., J J (ZQW Tvﬁlv"'ufd)) X
=1

So(€1y s E)A(T, 21, o Ty, 61y o §a) o, AEgdT + f(E, 205,00, 24, )(3.2)
Since the support of the shape functions ¥¢(¢, z1, ..., x4) is
D; = [t; — ity + ;] X [x1, — 7,20, + 73] X oo X [2g, — 15, g, + 75].
Now by applying the Kronecker delta condition, the system (3.2) converts to

tj /81 ﬂd N
C J <J J ( CW Ta&lw"agd)) S(](gl,...,gd)A(T,l’lj,...,LUdj,g)dgl,-..,d§d> dT‘Ff(tj,Qij

(3.3)
where o; = max{0,t;,—r;}, ap, = max{0, z,,—r;} and 3,, = min{l, x,,+r;} for every p =
1,..d.

Using the m-point Gauss-Legendre quadrature rule relative to the coefficients {vy}
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and weights {wy} in the interval [—1,1]. Then the nonlinear system (3.3) gets re-
placed by

g = (t; — ) (B, — an,)...(Ba, — iwk i i W05, X

d+1
2 k=1 k1=1 kq=1

(Z Cﬂﬂ = Ok, Ok - Oy i ) So(Okyiv-Orgi) A(Ok iy 5, 0r) + [ (25, L1y ee

where 0y; = 3[a; +t; + (t; — a;)vp] and Oy ; = 1 [y, + By, + (Bp, — o, )vi] for every
p=1,..4d.
Therefore solving equation (3.1) leads to find {¢4, ..., éx} and the values of u(t, x1, ..., z4)

at any point (t,x1,...,4) € D can be approximated by

N
an(t, 1, ..., 2 Zéw (t, 21, ... xq), (t,@1,...,xq) € D. (3.5)

Example 1. In order to demonstrate the effectiveness of the proposed method, we

solve the integral equation

z(l — &%) xt xt?
ult, 1—eu &) dedr—In ( 1
7) JJ 1+1) 1+72)( ‘ Jdedr—In +1+t2 +8(1+t)(1+t2)’

with = [0, 1] and the exact solution u..(t,x) = —In (1 + (1+t2)

Table 1 reports |e|ow, |e|a and the values of the ratio at dzﬁer@nt numbers of N.

The obtained errors for different numbers of N are drawn in the logarithmic mode
in Figure 1. In computations, we put ¢ = 0.2 x /N for local Gaussian (LGA)
and ¢ = % for local inverse multiquadrics (LIMQ), respectively. We have written
all routines in "Maple” software with the ”Digits” 20 (Digits environment variable
controls the number of digits in Maple) and a Laptop with 2.10 GHz of Core 2 CPU
and 4 GB of RAM has been used to run these.To solve the final nonlinear system
of algebraic equations the "Fsolve” command has been employed based on the use of

oating-point arithmetic.

References

[5] P. Assari, F. Asadi-Mehregan, Local multiquadric scheme for solving two-

dimensional weakly singular Hammerstein integral equations, Int. J. Numer.
Model. 32 (2019), pp. 1-23.

(t,

,$dj)(3.4)

x) € [0,1]x



Meshless method for solving a equation arisen form the spatial spread of an

epidemic 14
Table 1: Some numerical results for Example 1 using the proposed method
N LGA LIMQ
c ez e o Ratio ¢ lenll2 lenleo Ratio
20 0.89 4.92x 1072 8.29 x 102 — 224 9.63x 1072 1.65x 1071 —
20 1.08 1.53x 1072 2.51 x 102 3.21 1.86 3.49 x 1072 5.98 x 102 2.73
40 126 2.45x 1073 4.12x 1073 5.62 1.58 7.24x 1072 1.22 x 102 4.14
53 146 1.96x10* 337 x107% 8.89 1.37 851 x107% 1.48x 1073 7.50
68 1.65 879x 1076 148 x107° 12.56 1.21 5.29x 1075 9.17 x 107° 11.16
85 1.84 2.33x1077 387 x 1077 16.22 1.08 2.37x 1076 4.21 x 1076 13.82
1074
2 |
10
10 LIMQ
4
10
5
10
LGA
6
10
20 3IO 4I0 SIO 6I0 7I0 8IO
N

[6] P. Assari, F. Asadi-Mehregan, and M. Dehghan, On the numerical solution of

Fredholm integral equations utilizing the local radial basis function method, Int.

Figure 1: Distribution absolute error for Example 1

J. Comput. Math. (2018). DOI: 10.1080/00207160.2018.1500693

[7] O. Diekmann,

infection, J. Math Biology., 6 (1978), pp. 109-130.

Thresholds and travelling waves for the geographical spread of

[8] C. K. Lee, X. Liu, and S. C. Fan, Local multiquadric approzimation for solving
boundary value problems, Comput. Mech., 30 (2003), pp. 396-409.

[9] B. Sarler, R. Vertnik, Meshfree explicit local radial basis function collocation
method for diffusion problems, Comput. Math. Appl.,51 (2006), pp. 1269-1282.

[10] H. Wendland, Scattered Data Approximation, Cambridge University Press,
New York, (2005).



Q0 G 1)

ity o AY ool 1Y g Y1 ez

Minimum number of fixed points in parallel dynamical

systems

Ali Barzanouni*, Ghazaleh Malekbala and Leila Sharifan

Hakim Sabzevari University, Sabzevar, Iran

Abstract:

In this work, for a parallel discrete dynamical system over directed dependency
graph associted to the maxterm M AX we find some criteria under which an arbi-
trary MAX — PDDS be a fixed point system. Also we will find a condition under
which every point of a MAX — PDDS is either an eventually fixed point or an even-
tually 2 — periodic point.

Keywords: finite dynamical system, dependency graph, Boolean network.
Mathematics Subject Classification (2010): 37E15, 92B05.

1 Introduction

As an efficient formalism to describe the dynamics of biological systems, we can use
the Boolean networks which are a spcial case of finite dynamical systems. Boolean
networks were first introduced by Kauffman (20; 21) to model the gene regulatory
networks. Finite dynamical systems, especially Boolean networks, use to model in
various biology processes, such as gene regularity networks, signaling networks and
Systems biology and etc. (18; 19)

A finite dynamical system is a function f : X — X, where X is a finite set.
The dynamics of f is generated by iteration of f. In this paper, we consider f :
F? — F% = (f1,..., fn), where n > 1 and each coordinate function f; : F§ — Ty is
a Boolean function of the n variables x1,...,z,. Associated to a Boolean network

,f, one can construct a direced (undirected) graph which is called dependency graph

*Speaker: barzanouniali@gmail.com
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representing dependencies of variables and Boolean functions in f. If variables in the
system are updated in a synchronous manner then the system is named a parallel
dynamical system (PDS), while if they are updated in an asynchronous manner, the
system is named a sequential dynamical system (SDS). In this context, we assume
that an entity (variable) influences another one but not vice versa, therefore we have
a directed graph. Applications of finite dynamical systems (in particular Boolean
networks) show that finding the relationship between the structure of the system

and the resulting dynamics is very important. (12; 13; 14; 16; 15)
In this paper, corrosponding to a each direced graph D = (V| E) on the vertex

set V =1{1,2,...,n}, we dertemine a finite dynamical system
foy (o1

fley, . ooixn) = (Y1, -, Yn)

such that each y; is given by the local function f; defined on the states of the influ-
encing vertices and the vetrex i. Note that the directed graph D is the dependency
graph of f. We assume that all entities are updated in a synchronous manner, so
we have a parallel dynamical system. An OR — PDDS (resp. AND — PDDS) is a
parallel dynamical system over direced graph in which each Boolean function only
uses disjunction (conjunction) operator on the variables. Also when each Boolean
function f is a maxterm (resp. minterm), the system is called MAX — PDDS
(MIN — PDDS). Hear, by maxterm (resp. minterm) we mean f(zi,...,z,) =

21V e oz, (resp. fxy, ..., xn) =21 A -0 A 2,), Where z; = x; or z; = 2.

In (12; 13) it have been proved that for a parallel discrete dynamical system over
a simple graph corresponding to a maxterm OR (resp. minterm AN D) only fixed
or evetually fixed points exist while for a general MAX — PDS (resp. MIN — PDS)
either fixed points or 2 — periodic orbit can appear. Moreover in (13) the authors
demonstrated that orbits with different periods can not coexist. In (12) the au-
thors have shown that all orbits of an OR — PDDS (rsep. AND — PDDS) are fixed
points or eventually fixed points, as occure over simple dependency graph. Also
they proved that in general case of maxterms (resp. minterms) corresponding to
the MAX — PDDS (MIN — PDDS) any period can appear unlike case MAX — PDS
(MIN — PDS). These results were a motivation that in (17) the orbit structure
of parallel dynamical systems over some special directed graph classes have been
studied.

In this paper, our principal aim is to find some criteria under which an arbitrary
MAX — PDDS be a fixed point system. Also we will find a condition under which
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the orbit strucure of a MAX — PDDS has a similar manner to a general MAX — PDS.
It means every point of a MAX — PDDS is either an eventually fixed point or an

eventually 2 — pertodic point.

2 Preliminaries

Let X be a non-empty finite set and f : X — X be a map. Then (X, f) is called
a finite dynamical system. Often we simply say that f is dynamical system on X.
A point p € X is called a fixed point if f(p) = p and p is called a periodic point of
period ¢ > 0 when f*(p) = p and for each 0 < s < ¢, f*(p) # p. So, any fixed point
is a point of period 1. We say that f is a fixed point system if all p € X is eventually
a fixed point which means that for some m € N and any p e X, f™(p) = f™(p).

A path from a vertex i to a vertex j in a directed graph D = (V, F) is a sequence
of vertices ¢ = ig,71,...,%, = j that between any pair of vertices, there is an arc
connecting them. An arc i — j in a directed graph D denoted by (i,j). We say
that directed graph D = (V| E) is a strongly connected if for all the pair of vertices
1,7 € V, there exists a path from i to j and another one from j to 7.

Let n be a positive integer. We are going to study dynamical systems on X =
{0,1}" that defined by Boolean functions.

Definition 1. A function

f:40,13" — {0, 1},

is a Boolean function when f(z1,...,x,) is obtained from zi,...,z, € {0,1} using
the logical AND (A), the logical OR (v), the logical NOT ("). A function f is

called maxterm (resp. minterm) of n variables if
flzy, ... ,xn) =21 v vz,

(resp. f(xlw"axn) =Z1 AN Zn)a
where z; = z; or z; = ).

We consider parallel dynamical systems associated to directed graphs. Let D =
(V,E) be a directed graph on the vertex set V' = {1,...,n} and the arc set E.
For each i € V and Q < V', we consider all the vertices that influence them in an

updating of the system, thus we denote
Ip(i) ={jeV; (j,i)e E}

]D(Q) = UieQ]D(i)~
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Let f:{0,1}" — {0,1} be a Boolean function. We define a dynamical system by

means of f and D as
fD : {07 ]-}n - {07 1}717

fD(xlw"axn) = (yla--'vyn)

where each y; is the updated state of entity ¢ by applying a local function f; over
the states of the entiteties in {i} U Ip (7).

3 Main results

In the following, we assume that f is a MAX — PDDS corresponding to a directed
graph D and Wy < V(D)(resp. W} < V(D)) is the set of vertices in V(D) such
that the corresponding variables in MAX — PDDS appear in the usual (resp. com-
plemented) form. Note that Wy u W} = V(D) and Wy n Wi = .

Theorem 3.1. (15, Theorem 1) Let OR — PDDS be a parallel dynamical system
over a directed dependency graph D = (V| E). Then all the orbits of this system are
fized point or evetually fized point.

Theorem 3.2. (15, Theorem 3, theorem /) Let MAX — PDDS be a general parallel
dynamical system over a directed dependency graph D = (V, E). Then periodic orbits

of any period can appear.

By the above result, for the general case of maxterms we can have coexistence
of different periodic orbits depending on the sructure of the dependency graph. Mo-
tivated by this corollary, in the following we find some conditions under which an
arbitrary MAX — PDDS be a fixed point system. We start with the crucial theorem
for characterizing some MAX — PDDSs which are fixed point systems.

Theorem 3.3. Let MAX — PDDS be a parallel dynamical system over a directed
dependency graph D = (V, E) and let p = (ay, ..., ay,) be a fivred point of f. Then ev-
ery entity i whose state variable in M AX appears in complemented form is adjacent
to an entity j whose state variable in M AX is in usual form and (j,1) is an arc. In
the other words, for all i € W} there esizts a vertex j € Wy such that (7,i) € E.

Now we are ready to assert our main results.

Theorem 3.4. Let f be a MAX — PDDS over a directed dependency graph D =
(V,E). Let for all entity i whose state variable in MAX appear in complemented

form there exists an entity j whose state variabe in MAX s in usual form shuch
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that (i, ), (j,i) are the arcs in D (in other words for all i € W} there exists an
entity j € Wy such that (i,7),(j,1) € E). ( nemidonestam kodam tarze nevetiotan
behtare???). Then [ is a fized point system.

Theorem 3.5. Let f be a MAX — PDDS over a directed dependency graph D =
(V,E) and let Dlw, be a strongly connected such that for all entity i whose state
variable in M AX appear in complemented form there exist entities jy, jo whose state
variabes in MAX are in usual form and (i, 1), (j2,7) € E. (in other words for all
i € Wi there exist entities jy, jo € Wy such that (i, j1), (j2,i) € E) Then f is a fived

point system.

Now for each p = (a1, as,...,0n, i1, ---,a,) € {0,1}", Without losing gener-
ality, suppose we arrang the entities in p where 1,...,m are in complemented form
and m + 1,...,n are in usual form.

Theorem 3.6. Let f be a MAX — PDDS over a directed dependency graph D =
(V, E) and let D|w, be a strongly connected such that for all entity i whose state vari-
able in MAX appear in complemented form there exists an entity 7 whose state vari-
abes in MAX are in usual form and (j,i) € E. (in other words for all i € W} there
exists an entity j € Wy such that (j,i) € E) Then p = (a1,az, ..., Qm, Gmt1, - - -5 n)
is an evetually fized point converge to (1,1,...,1) if for all 1 < j < m we have

(ijl.

At the last result, we detect a condition for a MAX — PDDS having either evet-

ually fixed ponits or evetually 2 — periodic points.

Theorem 3.7. Let f be a MAX — PDDS over a directed dependency graph D =
(V,E) and let D|W; contains(includes) no cycle. Then every point of f is either

eventually fixed point or evetually 2 — periodic point.
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The next generation matrix and the stability analysis of a

mathematical model of cancer virotherapy
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Abstract:

In a mathematical model of cancer virotherapy, the next generation matrix, the
basic reproduction rate and an immune response reproductive number are calculated.
Moreover, a stability analysis of the equilibria of therapy failure and partial success
is investigated.

Keywords: Cancer-viral therapy, next generation matrix, Basic reproduction rate,
stability.
Mathematics Subject Classification (2010): 34D20, 92C50, 92D25.

1 Introduction

An autonomous model for tumors with virotherapy models was proposed by Dingli
et al. (23) as follows:

W — ry[l — (y + z) /K] — kyv, y(t,) = Yo,
‘fi—f = kyv — oz, z(ty) =0, (1.1)
% = ar — W, v(ty) = o,

where, y(t), z(t), and v(t) represent the population dynamics of uninfected tu-
mor cells, virus-infected tumor cells, and free infectious virus particles, respec-

tively. Uninfected tumor cells are produced at a generalized logistic growth rate

*Speaker: masume.behruziel993Q@gmail.com
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of ry[1 — (y + x)°/K¢]. These cells may come into contact with the virus and be-
come infected at rate kyv. Virus-infected tumor cells naturally die at rate dz; the
virus is replicated at rate x; and the virus is eventually extinct at rate wv. The virus
treatment is assumed to begin at time t = t,,.

In this paper, a mathematical model based on Dingli et al. (1.1) is developed. The
virus-specific and tumor-specific cytotoxic 7' lymphocyte (CTL) response is included
as follows:

(4L = BVT, — diTi — axTi1,

& = 7T — dyV,
Joar =TT (1.2)

% = TlTuI + Tgﬂ[ - d3],

\dd% = aTu[l - b(Tu + T‘l)] - /BVTU - alTu[>

with parameters for the strength of infection 3, virus replication rate m, virus
cytocixity d;, and other constants, a and b. The variables T;(t), V(t), I(t), and
T.(t) respectively represent the population dynamics of virus-infected tumor cells,
the virus, CTLs, and uninfected tumor cells at time ¢. Specifically, uninfected tumor
cells are infected through contact with a virus, and they become infected cells at rate
BV . Infected tumor cells produce viral cells at rate 7. The term aT,[1 —b(T, + T;)]
represents the logistic growth rate of uninfected tumor cells. Virus-infected tumor
cells T; and uninfected tumor cells T, are removed by the CTLs at respective rates
of asT; and a;T,. The CTL population increases at a rate of 1T, 1 +r;T;1, and they
are removed at rate ds/. Tumor-specific and virus-specific CTL cells proliferate at
the respective rates of 711 and roI. Because viruses enhance presentation of tumor
antigens, we assume that 7o = n x r1(n > 1).
It is shown that, the solution for ODE Model (1.2) maintains positivity with non-
negative initial conditions (22).
In this paper, the next generation matrix, the basic reproduction rate and an im-
mune response reproductive number relating to model (1.2) are calculated. Then, a

stability analysis of the equilibria of therapy failure and partial success is presented.

2 Main results

First, we introduce the next generatin matrix and the basic reproduction number
of model (1.2) (see (25)). A therapy failure equilibrium Ej always exists such that
Ey = (0,0, Iy, T,,) and the equilibrium represents the state of the absence of viruses.

To define the basic reproduction number and to verify local stability, denote the vec-
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tors F and V, the inflow and outflow from disease compartments T; and V' as follows:

F_ Fi) VT, V- i\ (di + axl)T;
F2 Wﬂ ’ ‘/2 d2v .
Let x = (z1,22) = (T;,V) and y = (I, T,) so that F; = Fy(z,y) and V; = V;(z,y),i =

1,2. Five conditions are needed to verify local asymptotic stability of the model (1.2)

and to define a basic reproduction number ((24)).
(1) F;(0,y) =0 and V;(0,y) = 0 for y = 0.
(2) Fi(z,y) = 0 for all nonnegative = and y.
(3) Vi(z,y) <0ifax; =0,1=1,2.
(4) Vi(z,y) + Va(z,y) = 0 for all nonnegative x and y.

(5) The disease-free system y = h(0,y) has a unique equilibrium that is asymp-
totically stable.

It is straightforward to verify that all five conditions are satisfied. Now, we com-

pute the 2 x 2 Jacobian matrices F and V, as follows:

F = 0 BTuo V — d1+a2[0 0
™ 0 ) 0 dy |

The next generation matrix equals K = FV~!. Therefore, we obtain

BTy
K - ( 0o ) |
di+azlp 0

The basic reproduction number is the spectral radius of K. A simple calculation

shows that the spectral radius of K is

By,

Bo = v @) =\ + anto)ds

Now assume that ro > ry and a;ry > asr;. Then, in the therapy failure equilibrium
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Ey we have
— abT, d
w’ Ty = —.

ay 1

Iy =

Therefore, The basic reproduction rate, Ry, for ODE Model (1.2) becomes

BTy, a1 Bmds
Ry=j|——m— = .
(dl + CLQI())dQ (CLl'f’ldl + CLQCL(TI — bd3))d2

On therapy failure equilibrium Ej, it is proved that

Theorem 2.1. (22) If Ry < 1, then therapy failure equilibria Ey : (0,0, Iy, Ty,) s

locally asymptotically stable. Otherwise, Ey is unstable.

Theorem 2.2. (22) If Ry < abg;rﬁﬂ and dy + agly > abT,,, then therapy failure

equilibrium Ey is globally asymptotically stable.

Remark 1. If 5 and © are small, then the possibility of satisfying the condition of

Theorem 2.2 increases. Thus, the probability of virus therapy failure increases.

Finally, to analyze the stability of a therapy partial success equilibrium, we
calculate the immune response reproductive number R; in model (1.2). Putting

I = 0 we obtain the equilibrium

V,dQ Clﬁ’ﬂ' — abdldg) dldg
7 B(Bm+abdy)’ T B

E' = (T,V',0,T}) = ( )-

The vectors F and V are as follows:
.7:=<7“1Tuf—|-r2TZ-[>, V=<d3>.
We compute the 1 x 1 Jacobian matrices F and V, as follows:
]F=<7“1Tu+7"2Ti>, V:(dg).

and hence

The next generation matrix equals K = FV~! = %ﬁ”ﬂ

R, = (K) . TIT{L + 7’271‘/ B [Tldldg(abdz + 57T + CLT‘QdQ(ﬁﬂ' — bdldg))]
LA ds Brds(abdy + Br) '

Now, when Ry > 1 and R; > 1, therapy partial success equilibrium FE; exists such
that
El = (ﬂ*aV*al*vTj) =
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frayds 1, T (ds3Bm(abdy + Bm)(Ry — 1)) asdal* + a
[(ry — r1)aasbdy + (ayrs — aor)Bw] " Ry’ do * [abasds(ra — 1) + Br(airy — agry)ds]’ pr
By calculating the eigenvalues of Jacobian matrix in equilibrium Fj, it is obtained
a sufficient condition for that the endemic equilibrium FE; : (T;*, V*, I*,T)) is locally
asymptotically stable (22).
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Abstract:

In this article, we introduce a fractional differential equation model for advection-
dispersions, that describe the Brownian motion of particles. In the following, wee
concerns the existence of solutions to a fractional boundary-value problem. First
for the eigenvalue problem associated with it, we prove that there is a sequence of
positive and increasing real eigenvalues; a characterization of the first eigenvalue
is also given. Then under different assumptions on the nonlinearity we show the
existence of weak solutions of the problem. Our main tools are variational methods

and critical point theorems.

Keywords: Weak solution, Fractional differential equation, Variational methods
Mathematics Subject Classification (2010): 34B37, 5805, 58E30, 26A33.

1 Introduction

As a generalization of differentiation and integration to arbitrary non-integer order,
fractional calculus, is a significant tool for solving complex problems from various
fields such as engineering, science, viscoelasticity, diffusion and pure and applied
mathematics. In the past few years, theory of fractional differential equation has
been investigated extensively, see the monographs of Kilbas et al (34) and the papers
(265 28; 29; 30; 31; 32) and the reference therein.
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Inspired by the results in (32; 33), we consider the existence of weak solution to
the fractional boundary-value problem

—jt(pi(t)th’B + qi(t)tD;’B)u;(t) —ri(t)u(t) = A, (t,ui(t), ..., un(t)), a.e. tel0,T],
w(0) =0, w(T) = 0.

(1.1)
for 1 < i < n, where n > 1 is an integer, p;, ¢, m € L*([0,T]) with P, :=
essinfjorpi(t) > 0 for 1 <i < n, 0 <r(t) <1 foreveryte[0,7] and 1 <i<mn,

A € R is a positive parameter, F' : [0,7] x R" — R is a function such that
F(.,x1,...,z,) is measurable in [0,7T] for all (zy,...,z,) € R, F(t,.,...,.) is C' in
R™ for every t € [0,T], F,, denotes partial derivative of F with respect to u; for
1<i<n, 0<p<1andqD;”, tD;’B are the left and right fractional integrals of

order 3.

2 Preliminaries

Definition 2. (Left and Right Riemann-Liouville fractional integral) Let u be a
function defined an [a, b] the left(right) Riemann-Liouville fractional integral of order
a > 0 for function u is defined by

1 t U(S) 1 b u(s)
oLy u(t) = ds, t ,b], Liu(t) = ds, t ,b],
) = gy | st et g = g | e telod
is called the Riemann-Liouville fractional integral of order o, where o > 0 and I'(«)

denotes the gamma function.

Definition 3. (Left and Right Riemann-Liouville fractional derivative) Let u be a
function defined an [a,b] the left(right) Riemann-Liouville fractional derivative of

order a > 0 for function u denoted by ,Dyu(t) and (Digu(t) respectively, are defined
by
oDifu(t) = dn oA u(t), oDiu(t) = (-1) qn

where t € [a,b] andn —1 < a <mn andn e N.

tll?_au@)?

Now we announce some properties of the Riemann-Liouville fractional integral

and derivative operators.

Theorem 2.1.

(G IPu(t)) = JIPu(t) and TG IPu(t)) = I Pu(t), VYa,B>0
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in any point t € [a,b] for continuous function u and for almost every point in [a, b]
if the function u € L'[a,b].

Theorem 2.2. Let u € L'a,b] and a > 0,

oD (IPu(t)) = u(t), ae. tela,b] and Dg(IJu(t)) = u(t), ae.tela,b]

Now to apply critical point theory for the existence of solutions for problem (1.1),
we shall state some basic notation and results (33), which will be used in the proof

of our main results.
Throughout this paper, we denote o = 1 — g, and assume that the following
condition is satisfied.

(H1) F(t,z) is measurable in ¢ for every z € RY and continuously differentiable in
x for a.e t € [0,T], and there exist a € C(RT,R"), be L*(0,T;R") such that,

n

F(t2)| < alle)b(t), Y [Fo(tar, s xa)| < alla])b(D) (2.1)

=1

for all z € RY and ¢ € [0, T.

Let the fractional derivative space £ is defined by the completion of Cg°((0,T), RY)

with respect to the norm
’ « 2 2 1/2
sl = (| 0s0) + o) WD wst) P + st Pete)

where (D' and ;D$ are the a-order left and right Riemann-Liouville fractional
derivative respectively. If u; € E** then oDfu;(t) exists a.e. in [0, T]. The sets B

are reflexive and separable Hilbert spaces. And we set
X = E*Y x ... x EY"

with respect to the equivalent norm

2

il = (s, st = (—f} | @0+ ) 0Pt Do) dt)
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Lemma 2.3 ((33)). For all u = (uy,...,u,) € X, we have

" TOC n
o < fa 3y & loPrls 2.2
2l < gy R loDFle 2.9
N To-3 n
e Diuil ez 2.3
2 e < ayaa— e 2 0P -

Similar to the proof of (32, Proposition 4.1), we have the following property.

Definition 4. A weak solution of (1.1) is a function v € X such that
n T
=3 | P D0 D (0) + i) Dius(0) 0D 1)
i=170
+7(8) (wi(t), vi(£)) + AN(Fu, (, ua(t), ..., un(t)), vi(t))dt = 0

for every v e X.

We consider the functionals ® : X — R and ¥ : X — R defined by

o) = -3} [ i) + ) eDF w0 Do) + “WhutoPar. 2

and

@wzfﬂmﬁ%wWWt (2.5)

0

Then ® and V is continuously differentiable under assumption (H1), and

and

(wmm:iL@umﬁpwwnw@ﬁ (2.7)

for u,v € X. Hence a critical point of I, := ® — AW is a weak solution of (1.1).

For our proofs, we need the following results in critical point theory.

Definition 5. Let E be a real Banach space and ¢ € C'(E,R). We say that ¢
satisfies the (PS) condition if any sequence {u,,} < E for which ¢(u,,) is bounded

and ¢'(uy,) — 0, as m — o0, posses a convergent subsequence.
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Theorem 2.4 (Mountain Pass theorem). Let E be a real Banach space and ¢ €
CY(E,R) satisfying (PS). Suppose p(0) =0 and

(C1) there are constants p, o > 0 such that ¢lop, = a, where B, = {z € E: |z| <
P}

(C2) there is an e € E\B, such that ¢(e) < 0.

Then ¢ possesses a critical value ¢ = . Moreover ¢ can be characterized as

¢ =inf max u),
gel’ ueg([0,1]) 90( )

where I' = {g € C([0,1], E)|g(0) = 0,g(1) = e}.

3 Main results

In (35), Risken introduced an advection-dispersion equation to describe the Brown-

ian motion of particles

where C(x,t) is a concentration field of space variable x at time ¢, D > 0 is the
diffusion coefficient and v > 0 is the drift coefficient. According to (27), an anoma-
lous dispersion process should be described by the following advection-dispersion
equation containing the left and the right fractional differential operators

0C (x,t) o0C (x,t) D 07C(x,t) L 070 (x,t)

= —v———=+Dj s + D(1 —j) -

ot ox (3.1)

where C' is the expected concentration field of space variable x at time ¢, v is a
constant mean velocity, = is the distance in the direction of the mean velocity,
D is a constant dispersion coefficient, 0 < j < 1 describes the skewness of the
transport process, and vy is the order of left and right fractional differential operators
(see (27, Appendix) for details about left and right fractional differential operators).
Especially, if v = 2, the dispersion operator reduces to the classical advection-
dispersion operator and (3.1) becomes the classical advection-dispersion equation.
On the other hand, if j = 1, (3.1) describes symmetric transitions. Define an

equivalent Riesz potential symmetric operator

2V7 = D] + D7,
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which gives the mass balance equation for the symmetric fractional advection dis-

persion
0C (z,t)
ot
that this modeled by equation (1.1). In the following, we give a Lemma and a

= —vVC(z,t) + DV'C(x,1),

theorem to investigate of the solutions of the problem (1.1).

Now, we give the following lemma for established our main result.
Lemma 3.1. Suppose the

(H2) there are constants pn > 2 and R > 0 such that, for |z| = |(x1,...,z,)| = R,

n

0 < pF(t,x) <) (2, Fo(t, a1, ... z)). (3.2)

i=1
Then Iy satisfies the (PS) condition.

Theorem 3.2. If (H2) holds and

(H3) F(t,z) = o(|z|?) as . — 0

Then (1.1) has at least one nontrivial weak solution.

Proof. The proof relies on the Mountain Pass theorem. It is clear that ¢ € C'(E*, R),

©(0) = 0, and ¢ satisfies the (PS) condition from Lemma 3.1. From (H3), for an

g1 > 0 there exists a constant § > 0, such that

F(t,z) < ez, tel0,T), |z <.

o 1
Let u e X with [[u], < EFOTtDlcostrall2d o by (2.3) and (7) [ufe < —2— <

T(2a—1)2
0. Thus we have

T

0

B = =3} [ 00+ 4@ D50, D) - a2 [ Pt -

SUTELA - Jul?
= PN € ~ ~ u (e
2 Y5+ T2 (a + 1)] cos(ma)]
p+q s(ma 3 s by
If we choose p = ZHOTOFDICosma2d g o = (1 — T — Ael)(ﬁ+(j)F2(5j1)|cos(ﬂa)\p27

then plop, = 7.

y Up, (t))dt
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Let w = (wy, ...,w,) € X, and choose r > 0. Thus

r2r;(t)
2

I\(rw) = [ij{) —r?(pi(t) + qi(t)) (o Dffwi(t), : Dwi(t)) — lw; () 2dt | — NF(t, 7wy (1), ..., 7wy

,
< Pl - Swl - el + 6,

which implies that I (rwy — —o0 as r — .
The above discussions show that I, has at least one nontrivial critical point, thus

(1.1) has at least one nontrivial weak solution. O
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On a New Biological Fractional-order Lotka-Voltra
Predator-Prey Model and Its Dynamical Behaviors
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Abstract:

In this paper, we study the dynamical behaviors of new fractional-order Lotka-
Volterra predator-prey model and its discretized counterpart. It is shown that the
discretized model exhibits much richer dynamical behavior than its corresponding
fractional-order form.

Keywords: Fractional Calculus, Predator-prey, Lotka-Volterra, Discretization
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

Fractional calculus is one of the branches of mathematics which is the concept of
convolution integral.

From the recent decades onwards, fractional order differentials are widely used in
many research areas owing to its application in modelling and investigating com-
plicated phenomena, such as neural network systems, viscoelastic systems, Kinetic
equations, dynamical and non-linear systems, financial systems, and so forth. This
powerful mathematical approach provides researchers with the opportunity to derive
further and precise information about complex natural systems showing a non-linear
behavior of themselves compared to the ordinary calculus (36; 37; 38; 39; 40).

In 2014, a prey-predator Lotka-Volterra equation with logistic behavior for two
species was investigated (41). Also, dynamical behaviors of prey-predator Lotka-

Volterra with discretization was probed (38).

*Speaker: Nabiranvand@gmail.com
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In this study, a new fractional model considering negative feedback on two species

is proposed as following and the biological interpretation of it is also presented.

dN(T)
dT

— N(T) (a — bN(T) — ¢P(T)), (1.1)

d};(TT) = P(T) (—f + ceN(T)) — kP*(T),

2 prellinimaries

In this section, some basic definition employed in the paper are presented.

Definition 6 (Fractional Caputo derivative). Let f € C"[a,b] and n —1 < a < n,
then the Caputo derivative is defined as follows:

L[ DY)
CDRf(t) = F(a_n)L (t—T)“—"“d . (2.1)

Definition 7 (Riemann-Liouville fractional integral). Let a € R,. The operator
D™, defined on Ly[a,b] by

D;f(t) = F(loz) f (t — 1) f(r)dr. (2.2)

fora <t < b, is called the Riemann-Liouville fractional integral operator of order

Q.
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2.1 Fractional continuous Lotka-Volterra with negative feed-

back on two species

To investigate species interaction, quite a few models have been proposed so far.
Although each model has its own application and could be used for special pur-
poses, they are not always capable of predicting species connection and behavior
well enough. One reason why such matters come up could be referred to both the
system complexity and simplification of the model. Considering this, in this sec-
tion, a new fractional model with negative feedback on both prey and predator is
proposed as equation (1.1).

In this model, we have

1. N and P are population density of prey and predator respectively.

2. a and f are rate of growth for prey and predator respectively.

3. band k are rate of death, causing by interaction between two different species.

4. Preys would be injured when they are faced with predators, giving rise to an
inclination of their population. Regarding that, a coefficient like ¢ is donated
to the death rate of preys due to their interaction with predators. However, all
preys faced with predators are not always haunted, and some of them would
be able to escape and remain alive. Thus, a coefficient like e is considered for
preys that couldn’t escape when they interact with predators, so multiplying of
these two parameters (ce) represents feeding rate of cooperation attack which

increases the predators’ population density.

By considering the following parameters, the system (1.1) will be nondimensionalized

as follows.

and

X)) (1- X0 -Y (1), (2.3)

Whereﬁzi@:%andh:ﬁ.

c
Since system (2.3) investigates the species behavior locally, in the next step by
fractionalizing the system, we wish to extend the model. The Eq. (2.2) indeed

look at the system from an extensive spectrum compared to the Eq. (2.3) because
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the whole information of the system regarding species interaction and behavior are
saved with a weight function (¢) = t(*~Y /I'(a) over time. Thus,

DOX(t) = X(t) (1 - X(t) — Y (1)), (2.4)
DY (t) = Y(t) (=B — hY (t) + £X (1)) ,

where a € (0,1] and ¢ > 0.

2.2 Discretization of fractional Lotka-Volterra Prey-predator

model

In this section, we focus on the discretization of fractional Lotka- Volterra Prey-
predator model with negative feedback, Eq. (2.4). This equation can be rewritten

as follows by considering uniform discretization with time step s.
DX (t) = X (I%s) | (1= x (1%ls)) = v (I%)s) ] (2.5)
Doy (t) =Y ([%]s) [~ —hv ([%)s) +ex (%)s) ]
Assume that X (0) =0,Y(0) =0, and ¢ € [0, s), so t/s € [0,1). Thus, we have

DXy = Xo[1 — Xo — Ye], (2.6)
DY) = Yo [ — hYy + Xo].

So, with the help of Riemann-Liouville integral, the Eq. (2.6) is rewritten as follows:

tOé

Xi(t) = Xo + al(a) (Xo [1 — Xo — Yo]), (2.7)
Vi(t) = Yo+ affza)m (8 — Yo+ £Xo])

As a result, after n step, Eq. (2.8) will be obtained.

Xni1(t) = Xy (ns) + m (Xn(ns) [1 = X, (ns) — Ya(ns)]), (2.8)
(t —ns)®

Y,1(t) = Ya(ns) + (Yo(ns) [—8 — hY,(ns) + eX,(ns)]) .

al'(«)



On a New Biological Fractional-order Lotka-Voltra Predator-Prey Model and Its
Dynamical Behaviors 38

Also, let t € [ns, (n + 1)s] when t — (n + 1)s, so we have

«

S
X = Xt s (X [1= X0 = Va), (2.9)
Yoo =Y, + alf oy (Va6 = Ys +eX0]).

2.3 Investigation of dynamical behavior of discrete and con-

tinuous fractional Lotka-Volterra prey-predator model

In this section, the dynamical behavior of fractional Lotka-Volterra Prey-predator
model, associated with four parameters 3, a, e and h, is investigated.

Consider non-linear fractional system (2.2). With y; as initial point (i = 1,2,...,n).
oDt = fi(er (0 2a(0), o w(0),0), w®) =y i=12.n

By rewriting the above equation, we will have (38)

D% = f(x). (2.11)
fori=1,2,...,n,0<q; <1l,a=[a;,ay 0,  andz € R". B* = (z%, 2%, .-+ ,2*
is fixed point if and only if
f(z)=0. (2.12)
Also, Jacobian of the system (2.2) is
ofr  of1 9
o1 ore " Ozn
A 219
i i i
ox1 oxo T Oz

Theorem 2.1 ( (38)). : When the following condition of the Jacobian matriz (2.13)
at the fized point (x*,y*) is held, the fized point will be stable.

det(J) >0, trce(J) <O0.

Lemma 2.2 ((38)). Assume that Ay and Ay are eigenvalues of matriz Jacobian
(2.13) in fized point (z*,y*), then

(i) A fized point (x*,y*) is named a sink if |A| < 1 and |X2| < 1, so the sink is
locally asymptotically stable.
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(1i) A fized point (x*,y*) is named a source if |\1| > 1 and |\y] > 1, so the source

is locally stable.

(1ii) A fized point (x*,y*) is named a saddle if |[M| < 1 and |Xy] > 1 or |A\q| > 1
and |Ao] < 1.

(iv) A fized point (z*,y*) is named a non-hyperbolic if either |A\1| = 1 or [\| = 1.

2.4 Stability of the continuous model

Assume that E* = (z*, y*) is the fixed point of Eq. (2.3). Based on Jacobean matrix

J(z*,y*) = < -2 =y — ) . (2.14)

ey* —p — 2hy* + ex*

we have

Also, it can be shown that the following points are the fixed points of system (2.3).

h+p e—p
h+ec h+e¢

E, = (07 0>’ FEy = (1’0)7 Ey = ( )

Proposition 2.3. The fized points of system (2.4), E1, Fs, and Es3, have the follow-

g properties:
(i) Ey is an unstable point.

(i) The sufficient and coefficient situation for the stability of point Ey is e < .

Otherwise, FEy will be a non-hyperbolic point.

(1ii) Ej5 is a stable point when f < e and h < (.

3 Main Results

In this section, we prove our main proposition and present our conclusions.
Proposition 3.1. E, Ey, and E3 in system (2.9) have the following properties:
(i) Ey is a saddle point.
(ii) Ey is a sink point.

(1ii) Under the following condition Es is a stable point

£

6(8—¢)—1

Rl=

g>e, s> 2al'(a))a, h>
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Interaction among species is of great importance to control the creatures from
being virtually extinct. Considering this, scholars have proposed various models to
study such sophisticated phenomena. However, the models sometimes fail to probe
the system enough well due to the complexity of the system. In this conducted re-
search, we extend a prey-predator model on two species with a negative feedback on
both preys and predators and then, in order to look at the system more realistically,
with the help of fractional calculus, both preys and predators are given different
memories as well. The stability and dynamical analysis of the suggested model is
obtained and its discretized counterpart is also calculated. Finally, according to
biological interpretation, it is numerically shown that the stability of the model
by donating memory to the system in both continuous and discretization state is

increased.
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Abstract:

The present paper considers a disease model with two calsses of susceptible in-
dividuls. The first group is common susceptible of disease and the second group
is awareness susceptible of disease. The free- disease and endemic equilibria was
obtained. The reproduction number denotes by Ry. The free- disease equilibrium
is locally and globally stable. By using Poincare-Bendixon theorm, the endemic

equilibrium was obtained.

Keywords: difference scheme; Asymptotic stability; Epidemic models.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

Mathematical models are increasingly used to understand the dynamics of infectious
diseases. They represent the mechanisms and temporal dynamics of infectious dis-
ease epidemics and are increasingly used in the field of infectious diseases to better
understand natural history, make predictions about the future, and evaluate po-
tential interventions [1-3]. As modeling studies have proliferated and grown more
complex, it has become more difficult for clinicians and policy makers to understand
their inner workings [1, 3]. Interpretation of these models conclusions without an
understanding of their underlying assumptions and mechanics can be misleading [4].

In this paper, we suppose that the population is divided into three classes; the

susceptible individuals S;, the infected individuals I, i.e. disease users, and the

*Speaker: ghasemabadi.math@gmail.com
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aware susceptible individuals S5, i.e. the suceptible individuals who have informa-
tion about the harms and dangers of disease. We assume that due to media outreach
programs, (in T.V., newspapers, social networks,...), about the harms and dangers
of disease, susceptibles from S; are transferred to S5. In this model, we consider
two routes for information dissemination:

(i) information dissemination via direct contact between individuals given by f(e.g.,
mass-action or some form of nonlinear incidence), and,

(ii) population-wide dissemination of disease related information given by f;. Con-
tact between individuals is best characterised by frequency dependent contact (i.e.,

mass-action). The natural choice for f; is given by,

fi = Si(5p)

The rate of population-wide transmission of information is asumed to depend on
the disease prevalence. However the effect of this, will be limited and will saturate
for high prevalence with little further impact on individuals behaviour. Thus we

consider a MichaelisMenton function as fs,

1

=57

where K is a positive constant. As a result of either of these two types of information
dissemination, susceptible individuals move to the aware susceptible individuals.
However, information that covers the same topic repeatedly will loose its value
over time. We consider d as the rate of decay of information and awareness. In
this model [ is the contact rate of susceptibles with infectious individuals. The
constants v, u and A, represent the recovery rate, the natural death rate and the
rate of immigration or suceptibles, respectively. The dynamics of model is governed
by the following system of nonlinear ordinary differential equations:

d
&l = A — aSi(5) — aSi(g) + dSs — pSi + vl — BSi(5)

I+K

= 04351(%) —dS; + al&(ﬁ) — pS2 (1.1)

dat 2551(§)_V[_M[

=[x

The total population, N = S; + S5 + I, satisfies % = A — uN, hence it can be

assumed to be of constant size, i.e., N = ﬁ. We introduce the fractions, s; =
%, So = %,i = %, and k = %, which satisfies s; + so +¢ = 1. Using this relations,
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finally we consider the following two dimensional system:

ds ,
C?tl—u—asslu—alsl(iik)—l—d(l—sl—i)—u81+w)—531u 12)

/ 1.2
d—zzﬁsli—ui—m

1.1 Stability of the disease free equilibrium

System (1.2), has the disease free equilibrium P, = (1,0). The Jacobian of the

system, is given by,

J(s1,1) = —Ql — Ozl(i%k> —d—p— P —ags — alsl(ﬁ) —d+v— s
1, BZ BSI_V_M

and,

0 B—v—pu

The eigenvalues of this matrix are Ay = —d — p and \s = 8 — v — pu, the first

J(l,O)z(_d_M —as—og—d+u—ﬁ>

eigenvalue is negative and the second eigenvalue is negative, if § < v + u. We

introduce Ry = vfu as the basic reproduction number, and obtain the following

result on the local stability of the disease-free equilibrium.

Theorem 1.1. The disease-free equilibrium Py is asymptotically stable when Ry < 1
and unstable when Ry > 1.

Furthere more we can prove the global stability of the disease-free equilibrium

point.

Lemma 1.2. The disease-free equilibrium point, Py, is globally asymptotically stable
Zf Ro < 1.

Proof. We consider V (t) = i(t) as a Lyapunov function. Then the derivative of

V' along the solutions of the system, has the following form,

av-di

& (1 +v)(Ro —1)i

av
Therefore, when Ry < 1, o < 0, and, i 0 if and only if i+ = 0. Hence F, is

global asymptotic stable.
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1.2 Endemic equilibrium
Let ¢* # 0, the second equation of the system imply:

. Vtpu 1
= 1.3
51 6 RO ( )

Now, substituting this value in the first equation of (1.2), and setting equal to zero,

we obtain,
o (o () ) () ) g (i =
0

Which reduces to,
Ai** + Bi* +C =0 (1.4)

With the following coefficients:

=W+ p)(—as=B)+Bv—d) = (v+ p)(—as — Ro(p + d)),

k(v +p)(—as = B)+ Bv—d) + (p+d)(B—v—p) —a(v+p)
k(—as(v+p) —pB(p+d)+ (p+d)(v+p)(Ro—1) — (v + p),
k(p+v)(B—v—p) =k(p+v)*(Ro — 1)

I oo =

Q
I

Since at an endemic equilibrium s < 1, the endemic equilibrium exists only when,
Ro > 1, and C is a positive real number. On the other hand, since ¢* is a positive

real number, we consider the case A > 0. Solving the equation (1.4), yield:

—B+\/Z

94 T oA (1.5)

12 =
We consider two curves y; = Ai2 + Bi and y, = —C, the intersection points of this
curves are the endemic values of :*. We consider the following different cases for the

calculation of 7*:

1) B > 0.
In this case, y] = 2A < 0, hence the positive point % is a relative maximum for y,
and yl(;—f) = —% > (. Therefore, there is only one endemic value for ¢*. Further-
emore || < \2—\%], imfilies that z"f+= 55— 2—*/5 is positive, therefore in this case,

v v B . . .
P* = (s7,s5,1%) = ( #, 1—( ,u) — BQA\/K), ’BZ’A‘/Z) is the only endemic equi-

B B

librium point.

2) B<O.
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%) = —% > 0 and y{ = 2A < 0. Therefore the negative point

;—f, is a relative maximum point for y;, and there is a positive value for i*. Since

In this case, yi(

12| < |2—‘/§|, the root if = 52 — T\/E? is the positive value of i*. So in this case,
. v+ v+ —_B-— . . -
P* = (s7,s5,1*) = ( 3 N) 1—( 3 N) — BQA\/Z), _32_A‘/Z) is the endemic equilib-
rium point.
3) B=0.
v+ u

When B = 0, then, P* = (s}, s5,i%) = (

5 ,1—(V;’u)—\/§,ﬁ) is the

endemic equilibrium point of the system.

Now we investigate the local stability of the endemic equilibrium. The characteristic

equation of the Jacobian matrix of the endemic euilibrium has the following form,

N—Xp+q¢=0

¥

Where p = TraceJ(P*) = —a,i* — i(z3) —d — p— fi* < 0 and

" . V4 v+ u k .
q = DetJ(P*) = [i (QS(T) + al(T)(m) +d + p) > 0, which shows
the local stability of the endemic equilibrium point. Now if A = p? — 4q > 0, the
endemic equilibrium is a stable node and if A < 0, the endemic equilibrium is a

stable focus.

For the study of global stability of the endemic equilibrium point, we use the

Poincare-Bendixon theorem. It is easy to verify that the triangle T" in the s;¢ phase

plan given by 7" = {(s1,7) : 51 = 0,4 > 0,51 + 4 < 1}, is positively invariant. We use
d

the dulac function B(sy,i) = %, for which, div(Bf, Bg) = —as—al(iﬁ) —g—ﬁ.—ﬁ <

0. Therefore, there are no periodic solutions for ¢ > 0.

The above discusions imply the following theorem.

Theorem 1.3. If Ry > 1, system (1.2), has a unique and globallly asymptotic stable
equilibrium point P*.
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Modelling a disease with a nonlinear incidence function

Atena Ghasemabadi*
Esfarayen University of Technology, Esfarayen,North Khorasan, Iran

Abstract:

The present paper considers a disease model with nonlinear incidence function.
It studies its boundedness. Since the real world is Boundedness of solutions is im-
portant for well-defined model. We obtain free- disease and endemic equilibria both
m = 0 and m > 0. We define the reproduction number by R,. The model has
at least one and at most three positive equilibrium (endemic equilibria) provided
Ry > 1. We show that free- disease equilibrium (0,0,0) is unstable. The disease
free equilibrium (K, 0,0) is globally asymptotically stable provided Ry < 1.

Keywords: difference scheme; Asymptotic stability; Epidemic models.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

In recent years, realistic mathematical models of infectious diseases has been con-
sidered. Mathematical models play a key role in the control and spread and of
infectious disease. One of the most important factors in modelling of communica-
ble diseases is the incidence function. In the classical communicable models, the
incidence rate is assumed to be by SI, where is a positive parameter and it is the
probability of transmission per contact. non-linear incidence rates But the nonlin-
ear incidence rates is closer to real world. There are many models using variety of
different nonlinear incidence functions to study the disease transmission. In this

m

paper, the incidence function 5(I) = pue™™! is the contact and transmission term, it

measures the transmission spread of the virus from the infected to the susceptible

*Speaker: ghasemabadi.math@gmail.com
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individual. The transmission rate is a constant provided m = 0. Naturally the
alertness to the disease of each susceptible individual of the population is important.
Here we use the parameter m > 0 to reflect the impact of alertness individual.

We consider the following compartments in the population: S(n), the number
of susceptible individuals, E(t), the number of exposed individuals but not infec-
tious individuals, and I(t), the number of infected individuals who are infectious.
By assuming that the total population obey logistic growth, their model takes the

following form:

(1 + bpy1)S,

Sn-i—l = b —ml’

1+ ?¢1Sn + M¢1In€ min

En + uqngnH[ne_mI"
B, = : 1.1

o 1+ (c+ d)py (11)

In + C¢3En+1

I —_—
L+ 793

For any solution (S, E,, I,) of the system (1.1), the total population N,, = S, +
E, + I,,. In this system total population is not constant, in the following theorem,
we prove its boundedness. In this model total population is not constant, we prove

its boundedness.

Theorem 1.1. For any solution (S, Ey, I,) of the system (1.1), the total population,
N, =S, + E, + 1, satisfies

K
limsup N,, < b—,
n—00 l
where | = min{b, d,~}.
Proof. From system (1.1), we have
1+ b¢1)S, 1+ b¢1)S,
S,y = (1 + bg1)S _ (L+b61)5

L+ Lo1Sn + pgrlpemln 1+ LgyS,
Let S, = i, then we have

N > Zn + b¢1
T 1 bg  K(1+bgy)

Hence,

1 1
"2 eyt [ ) &
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As a consequence, we have
limsup S, < K.

n—a0

Let ¢;(h) = h fori =1,2,3 and N,, = S,, + E,, + I,,. Then we have

N1 — N, b
% - (b B KSN-H) Sy — dEn-H - /yIn-&-l
b
< (b — KSn+1) K — dETH—l - 71n+1a

for all large n. Now we consider | = min{b, d,~y}. Therefore

Nn _Nn
% <bK — IN,,1,

and we have

1 bh K

Ny < N, .
AS Tt T

Consequently

N, < N, 1-— .
( n“[ ( z

1 1 bK
1+ 1h) 1+ lh)"
From the above discussion, we note that if N, < %, then

DK bhE K

Nt < -
R TE R 7 S B T

This completes the proof. n
We can conclude that the region
3 bK :
D=<X(S,E,I)eR O<S+E+I<T, [ = min{b,d,~v} ¢,

is positively-invariant. Now we study equilibrium points of (1.1). We consider the

system

(1 +b¢1)S
1+ 2018 + pprle=™!
E + pugoSITe=™!
1+ (c+d)ps '
I+ cosE
1403

S =

Clearly Gy = (0,0,0) and G; = (K,0,0) are equilibrium points of (1.1). Further-
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emore system (1.1) has endemic equilibrium points which we determine it in the

following cases.

o m = 0. In this case (1.2) takes the following form:

(1 + bgy)S
L+ 218 + pdrl’
FE +[L¢25[
1+ (c+d)ps’
I+ cosE
1+ y¢3

S =

E:

pcK
~(c+d)

system (1.1) has a unique endemic equilibrium Go = (S§, Ef, [) provided

We define the reproduction number by Ry = . From the above system,

Ry > 1, as follows:

. (e +d) K
g o= NP _ A
e Ry
. by*(c + d)
Ey = W(Ro —1),
by(c+d)

o m > 0. We slove system (1.2) and we obtain

S* = K(1- Hl*e_"”*) = g(I*),

b
o= Ir
&
d x
S* = Meml = h(I").
cp

Clearly, if Ry > 1, then g(0) > h(0). Note that lim« ., g(I*) = K and
limy« o0 h(I*) = 0. Hence if Ry > 1, the two curves S = g(I) and S =
h(I) have at least one positive intersection which gives at least one endemic
equilibrium. Now we develop conditions to decide the tangency of the two
curves in order to determine the number of positive equilibria. If the two

curves S = ¢g(I) and S = h([) are tangent at some positive points, we must
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have S = g(I) = h(I) and ¢'(I) = I'(I). Or equivalently,

)

K(l_ﬁ]*efml*) _ 7(C+d)€m1*

b e
K d

b - Jite

By eliminating exponential terms in the above system we see that, if the two
curves are tangent, then I coordinate must satisfy the following quadratic

equation

f%nxmj*—1):(2mj*—1f%. (1.3)
Hence, if the tangency occurs at some points, its I coordinate must satisfy
ml* > 1.
Let

st . 8u _ 8
b "7 bRy Ry

By a straightforward calculation we see that (1.3) has two distinct positive

roots satisfying m/ > 1 if and only if Ry > 1 and m > my. for m > 0, by

solving (1.3) in terms of I, we have

TI’LRO + 49 + \/mRo(mRo — 85)

I =
mod

. (1.4)

Theorem 1.2. If Ry > 1, then the model (1.1) has at least one and at most three
positive equilibrium (endemic equilibria). Furthermore,
1) if 0 < m < myg, the model (1.1) has a unique endemic equilibrium;

2) if m > myg, the model has three endemic equilibrium.

2 Stability

In this section we investigate stability of equilibrium points Gy = (0,0,0) and G =
(K,0,0).

Theorem 2.1. The equilibrium point Gy = (0,0,0) is unstable

Proof. The Jacobian evaluated at this point is given by the following matrix:
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1+ boy 0 0
1
O cps3 1
1+v¢s3 1+v¢s3

The eigenvalues of J(0,0,0) are 1 + b¢y, m and 1+}y¢>3' Since 1 + bo; > 1,

(0,0,0) is unstable. O

At the point (K, 0,0) we have the following Jacobian matrix:

1 . by 0 _ uK¢1
T+b1 L+béy
. 1 uK g2
J(K,0,0) = 0 Tctd)dz  Ti(crd)ds
cos 1
0 1+~¢s3 1+v¢3°

It is clear that 1 — 22— < 1. Consider the following submatrix

14+b¢1
1 pK oo
B — 1+(C+d)¢2 1+(C+d)(l>2
cP3 1
1+v¢3 1+v¢3°

We show that det B < 1 and trB < 1+det B which implies that eigenvalues of B
lies inside unit circle. It is easy to see that det B < 1. We show that trB < 1+det B.

This is equivalent to

[1+ (c+d)pa + 1+ v¢3] (1 +v¢3) [1 + (c + d) ]
< L4 (c+ d)pa* (1 4+ v¢3)? + [1 + (¢ + d) 2] (1 + 7¢3) (1 — pcK ¢a¢s)

which is equivalent to
24 (c+d)g2 + 793 < [1+ (¢ + d)da](1 + 7P3) + (1 — pcK daghs)
and this is true if and only if

(e + d)paps — pcK dags > 0

which is the same as Ry < 1. Hence we have the following theorem.

Theorem 2.2. The disease free equilibrium (K, 0,0) is locally asymptotically stable
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if Ry < 1, and unstable if Ry > 1. Now we prove global stability of (K,0,0) when
m = 0. Let m =0, if Ry < 1, then the disease free equilibrium (K,0,0) is globally
asymptotically stable.
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Backward bifurcations in epidemiological models
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Abstract:

This paper is about the phenomenological study of bifurcations in epidemio-
logical models, in particular, in backward bifurcation. We consider models that
exhibit such bifurcation and also consider the factors that cause them. The phe-
nomenon of backward bifurcation in disease transmission models, where a stable
endemic equilibrium co-exists with a stable disease-free equilibrium when the asso-
ciated reproduction number is less than unity, has been observed in a number of
disease transmission models. The epidemiological consequence of backward bifurca-
tion is that the classical requirement of the reproduction number being less than
unity becomes only a necessary, but not sufficient, for disease elimination (hence,
the presence of this phenomenon in the transmission dynamics of a disease makes
its effective control in the community difficult).

Keywords: Backward bifurcation, Equilibrium, Reproduction number, Stability
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

In compartmental models for the transmission of communicable diseases there is usu-
ally a basic reproductive number R, representing the mean number of secondary in-
fections caused by a single infective introduced into a susceptible population. When
Ry is less than unity, a small influx of infected individuals will not generate large
outbreaks, and the disease dies out in time (in this case, the corresponding disease-
free equilibrium (DFE) is asymptotically-stable). On the other hand, the disease

*Speaker: jabari@tabrizu.ac.ir
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will persist if Rg exceeds unity, where a stable endemic equilibrium exists. This phe-
nomenon, where the disease-free equilibrium loses its stability and a stable endemic
equilibrium appears as R increases through one, is known as forward bifurcation.
Some of the main characteristics of forward bifurcation are the absence of positive
(endemic) equilibria near the DFE when Ry < 1 (in this setting, the DFE is often
the only equilibrium when Ry < 1 ) and a low level of endemicity when Ry < 1 is
slightly above unity (62). The forward bifurcation phenomenon, first noted by Ker-
mack and McKendrick, has been observed in numerous disease transmission models.
For models that exhibit forward bifurcation, the requirement Ry < 1 is necessary
and sufficient for disease elimination. Other models for disease transmission undergo
another type of bifurcation, known as backward bifurcation, where a stable endemic
equilibrium co-exists with a stable DFE when Ry < 1. The epidemiological implica-
tion of backward bifurcation is that the requirement Ry < 1, while necessary, is not
sufficient for effective disease control. In a backward bifurcation setting, once Rq
crosses unity, the disease can invade to a relatively high endemic level. In this case,
decreasing Ry to its former level will not necessarily make the disease disappear
(62). The common causes of backward bifurcation in disease transmission models
are the use of an imperfect vaccine and exogenous re-infection in the transmission

dynamics of mycobacterium tuberculosis (TB).

The aim of this study is to provide a short review of some of the common
mechanisms (biological, epidemiological, social etc.) that cause the phenomenon of
backward bifurcation in disease transmission models. To achieve this aim, a number
of deterministic models for the spread of some emerging and re-emerging diseases
will be considered. The paper contains a summary of some established results and

some new results.

2 Bifurcation Theory

Real-life systems arising in the natural and engineering sciences typically involve
parameters which appear in their governing system of equations. As these parame-
ters are varied, changes may occur in the qualitative structures of the solutions of
the system of equations (modelling the real-life phenomenon) for certain parameter
values. These changes are called bifurcations. The parameter values where bifurca-
tions occur are called bifurcation values (or bifurcation points). A formal definition

of bifurcation at a point is given below.
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Definition 8. Let
= f(x,n), xeR" pekR, (2.1)

be a one-parameter family of one-dimensional ODFEs. An equilibrium solution of
(2.1) given by (x,u) = (0,0) is said to undergo bifurcation at p = 0 if the flow for
i near zero and x near zero is not qualitatively the same as the flow near r = 0 at

w=0.

There are numerous types of bifurcations, including saddle-node, forward (tran-
scritical), pitchfork, Hopf, and backward bifurcation. Two of these bifurcations

(forward and backward) are relevant to the paper, and are briefly discussed below.

2.1 Forward bifurcation

The dynamics of disease transmission models is often characterized by the reproduc-
tion number (Ry), a threshold quantity which measures the average number of new
cases generated by a typical infected individual when introduced into a completely
susceptible population. Typically, when Ry is less than unity, a small stream of in-
fected individuals will not generate large outbreaks (and the disease dies out in time).
In such a case, the disease-free equilibrium (DFE) of the model is asymptotically-
stable. On the other hand, the disease persists in the population if R exceeds unity
(where, in this case, an asymptotically-stable endemic equilibrium point (EEP) ex-
ists). This phenomenon, where the DFE and an EEP of a model exchange their

stability at Rog = 1, is known as forward bifurcation.

2.2 Backward bifurcation

In general, for models that exhibit forward bifurcation, the requirement Ry < 1 is
necessary and sufficient for effective community-wide control (or elimination) of the
disease being modelled. However, it has been observed in some other modelling stud-
ies, that although Ry < 1 is necessary for effective disease control (or elimination),
the condition may not be sufficient. This is owing to a dynamic phenomenon known
as backward bifurcation, where two stable attractors (typically the DFE and an
asymptotically-stable EEP) of the model co-exist when Ry < 1. The public health
implication of backward bifurcation is that disease control (or elimination), when
Ro < 1, is dependent on the initial sizes of the sub-populations of the model. Thus,
the presence of backward bifurcation in the transmission dynamics of a disease in a

population makes its effective community-wide control difficult. The following the-
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orem will be used to explore the possibility of the presence of backward bifurcation

in the models to be considered in next section of this paper.

Theorem 2.1. Consider the following general system of ordinary differential equa-

tions with a parameter ¢

Cf; = f(z,¢), f:R"xR—-R", and feC*R"xR), (2.2)
where 0 is an equilibrium point of the system (that is, f(0,¢) = 0 for all ¢) and

assume

1. A = D,f(0,0) = (gj: (0,0)) is the linearization matriz of the system (2.2)
around the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of

A and other eigenvalues of A have negative real parts;

2. Matriz A has a right eigenvector w and a left eigenvector v (each corresponding

to the zero eigenvalue).

Let f; be the k-th component of f and

a = i Ukwiwjﬁ(0,0)
k=1 (9@6%

N * fi

kji=1

Then the local dynamics of the system around the equilibrium point 0 is totally de-
termined by the signs of a and b. Particularly, if a > 0 and b > 0, then a backward

bifurcation occurs at ¢ = 0.

3 Common sources of backward bifurcation

3.1 Exogenous re-infection

Consider the following model for the transmission dynamics of TB

ds
= A-AS -

dt 5= p,

dE

—r =(L=pAS + 71— (AE —0F — k. (3.1)
dI

E:p)\S—i—aE—i-C)\E—H—dI—uI,
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where
pI
A= —. 3.2
= (32)
The model (3.1) has a disease-free equilibrium (DFE) given by
A
et = (—,0,0).
1
Furthermore, the associated reproduction number of the model is given by
Ry — Blpu + o] (3.3)

plp+d+r)+o(p+d)’

Let 5* be the bifurcation parameter (obtained by setting Ry = 1 and solving for /).

Consider the associated invariant region for the model

Dz%&ﬂDeMgNét}

The following result can be established using center manifold theory

Theorem 3.1. The model (3.1) undergoes backward bifurcation if Ry < 1 and
w+d> B*.

3.1.1 Non-existence of backward bifurcation

In this case ( ¢ = 0), no endemic equilibrium exists whenever Ry < 1. It then
follows that, owing to the absence of multiple endemic equilibria for system (3.1)
with ¢ = 0 and R < 1, a backward bifurcation would not occur for system (3.1)
with ( =0 and Ry < 1.

The absence of multiple endemic equilibria suggests that the disease-free equilib-
rium of model (3.1) is globally asymptotically stable when R < 1. Then, we have

the following result:

Theorem 3.2. Consider the model (3.1) with ¢ = 0. The disease-free equilibrium
is globally asymptotically stable in D whenever Ry < 1.
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3.2 Models with imperfect vaccine

Consider the SVIRS vaccination model with waning vaccine-induced (w,) and natu-
ral (w,) immunity (63; 64):

d
df =II(1 - 9¢) +w,V +w,R—A\S — puS,
av
W o~ (1)WY~ (w4 V. (3.4
dl
prie AS+ (1 =)AV = (o, + p)1,
dR
EU“] — (wy + 1) R,
where
_B
A= N (3.5)
Define:
Ry = Ro(1— 9% ) ith  Re- -5
wy + W@ Oy + 1

Following (63; 64), the vaccine failure duration (Vp ) and a critical vaccine failure

duration (V) are defined, respectively, by

11— c Oy + 1+ wy

, V .
Wy + g (1 + wr)(ow+ p)(Ro — 1)

F =

The following results were established in (63).

Theorem 3.3. The vaccination model (3.4) exhibits backward bifurcation at R, = 1

whenever

(1 +wr) (o + 1) (wy + 1) (wy + )
Theorem 3.4. The vaccination model (3.4) does not undergo backward bifurcation
at R, = 1 if any of the following conditions hold:

(i) The vaccine offers perfect protection against break-through infection (i.e., v = 1)
(ii) Vaccine-derived immunity wanes faster than natural immunity (i.e., w, = w, )

(iii) Vaccine failure duration does not exceed a certain critical value (i.e., Vi < VS

).
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The imperfect nature of the vaccine is a well-known reason for the presence of
backward bifurcation in vaccination models (Case (i) of Theorem 3.4 shows that if
this imperfection is removed, then the phenomenon of backward bifurcation will not
occur). Cases (ii) and (iii) of Theorem 3.4 are new additional sources of eliminating
backward bifurcation in SIRS models that incorporate an imperfect vaccine. It
follows from Case (iii) that the backward bifurcation will disappear if infection
offers permanent immunity against e-infection (w, = 0).

In summary, the SVIRS model (3.4) will not undergo backward bifurcation if

any of the scenarios in Theorem 3.4 hold.

4 Conclusions

This paper identifies some epidemiological mechanisms that can induce the phe-
nomenon of backward bifurcation in standard KermackMcKendrick type disease
transmission models (that use standard incidence rate for the infection rate). It is
shown that backward bifurcation, which has significant consequences on the persis-
tence or elimination of the disease when the associated reproduction number of the

model is less than unity, could arise due to mechanisms such as:

(1) Exogenous re-infection (of latently-infected individuals) in models for the spread
of mycobacterium tuberculosis. Reinfection, in general, causes backward bifur-
cation (see, for instance, for the role of re-infection in the backward bifurcation

phenomenon observed in Chlamydia transmission dynamics);

(2) Vaccination. The main sources of backward bifurcation in vaccination models

are:

(i) The vaccine offers perfect protection against break-through infection (i.e.,
U =1)

(ii) Vaccine-derived immunity wanes faster than natural immunity (i.e., w, =
Wy )

(iii) Vaccine failure duration does not exceed a certain critical value (i.e.,

Ve <VE).
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Abstract:

The aim of this paper is to find the approximate solution of a model for HIV
infection of C'D4* T-cells by g-homotopy analysis method (q-HAM). -HAM is a
flexible method that is used to solve a variety of differntial equations. The results

obtained show that this method has a lot of efficiency.
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1 Introduction

Over the years, several nonlinear mathematical models have been proposed to de-
scribe infection by the human immune deficiency virus (HIV) and its association
whit the immune system. In (65), an HIV infection model was introduced that was
used extensively. Wang et al. (66) examined an HIV model for the stability of the
uninfected equilibrium point based on the Lyapunov theory. In (67) an HIV optimal
control problem was proposed to reduce maintains the drug strength low and max-
imizes the number of T-cell and immune response cells. In (68), HIV-infection of

T- cells was examined by means of homotopy decomposition technique and system
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of fractional differential equations. Recently, Alipour et al. (69) Bernstein opera-
tional matrices have been studied for approximate the response of the HIV fractional
model. In (70), a model for the infection of the human immune system by HIV was
presented. This model of virus spread has three variables: the population sizes of
uninfected cells, infected cells, and free virus particles. Perelson et al. (71) extended
the model described in(70) and developed a new model by considering four variables:
1. cells that are uninfected,

2. cells that are latently infected,

3. cells that are actively infected,

4. free virus particles.

Their model is described by a system of four ordinary differential equations. It
was noted that the model can replicate many of the symptoms of AIDS observed
clinically. Culshaw and Ruan(72) reduced the model described in(71) to a system
of three ordinary differential equations by assuming that all the infected cells are
capable of producing the virus.

In this paper, the gq-homotopy analysis method (q-HAM) is introduced and devel-
oped for analytical approximation the model for HIV infection of CD4% T-cells of
Culshaw and Ruan described above. The model is (72)

dr T+1

%zs—uTT—i—rT(l—T ) — k VT,

dI

= KVT =l (1.1)
av

— = Nupl — VT — 'V,
dt Hb 1 HvVv,

where T'(t), I(t), and V(t) represent the concentration of healthy C'D4" T-cells at
timet, infected CD4% T-cells, and free HIV at timet, respectively.

2 The optimal g-homotopy analysis method
Consider the following differential equations,
Nlu(t)] = 0, (2.1)

where N is a non-linear operator, ¢ denotes independent variable, and w(t) is an

unknown function, respectively (73). Let us constructed the so-called zero-order
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Table 1: List of variables and parameters (modified from(72)).

Parameters and variables Meaning
Dependent variables
T Uninfected C'D4" T-cell concentration
1 Infected C'D4" T-cell concentration
V Concentration of HIV RNA
Parameters and constants
1% Natural death rate of C'D4*T-cell concentration
7, Blanket death rate of infected C'D4% T-cells
i Lytic death rate for infected cells
iy Death rate of free virus
k1 Rate CD4" T-cells become infected with virus
k1 Rate infected cells become active
r Growth rate of C'D4"T-cell concentration
N Number of virion produced by infected C D4 -cells
Tz Maximal concentration of CD4" T-cells
S Source term for uninfected CD4% T-cells
Derived quantities
T C D41 T-cell concentration for HIV-negative persons

deformation equation
(1 —nq)L{¢(t; q) — uo(t)] = F(n)gN[o(t; q)], (2.2)

where ¢ € [0, l], is an embedding parameter, n is a non-zero auxiliary parameter,
F(n) is a non-zero auxiliary function, n > 1, L is an auxiliary linear operator with
the property L(c1) = 0 where ¢; is an integral constant, ug(t) is an initial guess of
u(t) and ¢(t; q) is an unknown function. It is important to note that, one has great
freedom to choose auxiliary objects such as ¢ and L in HAM. Obviously, when ¢ = 0
and q = l,

" 6(1;0) = uo(t), ando(t; 1) = u(?) (2.3)

respectively. Thus, as q increases from 0 to 1, the solutions ¢(¢; ¢) varies from the
initial guess ug(t) to the solution u(t). Expanding ¢(¢; ¢) in Taylor series with respect
to g, we have

O(t;q) = uo(t) + ) um(t)g™, (2.4)

where
|q=0’ (2'5)
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Assume that F'(n), ug(t), L are so properly chosen such that the series converges at

q = — and we have
n

ult) = o(t; —) = uo(t) + ) um (8 ()™, (2.6)

Defining the vector w,(t) = {ug(t),ui(t), us(t),...,u.(t)}. Differentiating Equation
(2) m times with respect to ¢ and then setting ¢ = 0 and finally dividing them by

m! we have the so-called m** order deformation equation:

L[t (t) = kmtm-1(t)] = F(n) R (), (2.7)

Where and . oI N[t )]
Lo 1q

Rm<vm71> - (m . 1)' aqm_l |q:07 (28)

and
0, m<1,
i = { n, otherwise (2:9)

3 Example

In this section, to illustrate the capability of the -HAM, the variables and parame-
ters, described in Tablel, are considered as follows (72):

Ty = 1000, Iy =0, Vo = 0.001, r = 0.03, pr = 0.02, wr = 0.26,
wy = 0.24,

wy = 2.4, ki =2.4%107°, ky =2+1072, N = 500, s =10, Tz =
1500.

By using Mathematica software, five-term approximations for T}, I;, and V;, were
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calculated, and they are presented below.

5
21 0.000024¢
pr(t) =To+ ), T(O’l)(ﬁ)l = 1000. — 0.000024¢ + (n5) +0.000029248¢2
i=1
(0.000116992t2)
+ - +
n
5
31 (0.00002t)
t) =1 TOD(Z) = 0. 4 0.00002t — ~——~ — 0.00002684¢> 1
wr(t) o+; (=)' = 0.+0.0000 — 0.0000268 (3.1)

(0.00010736t2)
R +
n

5
N1
pv(t) = Vo + Y VOI(=)" = 0.001 — 0.002424¢ +
=1 n
(0.0165516t2)
"+
n

(0.002424¢)

—— 4 0.00413789¢>
n

to find the optimal values of n, an error analysis is performed. We substitute Eqs
3.1 into 1.1 and obtain the residual function ER;(T,1,V), i = 1,2, 3 as follows:

_ pr(®) _er() + ei(t)

ER(T,I,V;n) = e s+ prer(t) —rer(t)(1 T ) — kv (t)er(t),
dl

ERy(T,1,V;n) = i Kiov(t)er(t) — prer(t), (3.2)
dV

ERs(T,1,V;in) = i Nuppr(t) — krpv (t)or(t) — pvev(t),

and we define the square residual error for the fifxth-order approximation to be:

1
RT, :J (ERy(T, I,V;n))dt,
0

1
RT, — J (ERy(T, I, V:n))%dt, (3.3)
0

1
RT; = f (ERs(T, 1,V ;n))dt,
0

value of n, for which RT}, RT,, and RT3 are minimum can be obtained. Thus, we

have

DRT, __ DRT> __ DRT53 _
Dn _O’ Dn _O’ Dn _O’

then, in table [2], the minimum values of RT), RT5, and RT3 have been given for

optimal values of n.
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Table 2: The minimum values of RT;, RT,, and RT3.

n Minimum value
2.55956 | —3.83099 % 10~
5.23314 | 1.44776 = 10719
5.15428 | 5.78318 + 10~ 1°

4 Conclusion

In this paper, the Q-homotopy analysis method has been successfully developed
and applied for solving a model for HIV infection of CD4" T-cells. The results
obtained show that the -HAM is an accurate and effective technique for obtaining
the approximate solution of HIV infection of C' D4 T-cells.
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Abstract:

In the situations in which the lifetimes of the experimental units are related to
some covariates, the Gompertz model may be considered to fit the real data. In
this paper, it is assumed that the lifetimes are related to a fixed covariate and the
unknown parameters of the model of interest are estimated via maximum likelihood
approach. The survival function as well as the hazard function of the model are

estimated and the results are applied on a real data set.

Keywords: Fixed covariate model, Lifetime, Maximum likelihood estimation, Q-Q
plot
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1 Introduction

The Gompertz model plays an important role in modeling human mortality and
fitting actuarial tables. This model was introduced by Gompertz (75). Recently, it
has found more application in fields such as biology and demography. The hazard
function of the non-negative continuous random variable 7" which has Gompertz

model, is
h(t) = X' t > 0,A > 0,7 > 0, (1.1)

where A\ and 7 are scale and shape parameters, respectively.
The Gompertz model has been studied with fixed as well as time-dependent covari-

ates. Fixed covariates are measured at the start of study and stay constant over the
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study duration, for example, gender or race. Time-dependent covariates vary over
time such as age and blood pressure. Following (77), (79) and (80) the history of
a time-dependent covariate process up to time may be incorporated into the model
to assess the effect of the covariate on the relative risk of the event over time. (81)
proposed a parametric family of survival regression models for left, right and interval-
censored data with both fixed and time-dependent covariates. It is noted that when

v — 0, the Gompertz distribution will tend to an exponential distribution.

Now suppose that in (1.1), we have

\ = 660+51y,
where y is a fixed covariate, so the hazard function of 7" is expressed as
h(t) = efotPrvtnt, (1.2)

Using (1.2), The survival function of the model is

eBo+bBiy

S(t) = exp{ (1—e")}t>0,7>0, (1.3)

and the probability density function is

Bo+B
f(t) = ePotPry+rt exp{e o

(1—e")}t>0,7>0. (1.4)

The properties of the Gompertz distribution are presented in (76). (74) obtained
maximum likelihood estimate (MLE) of the parameters of Gompertz distribution.
(82) proposed unweighted and weighted least squares estimates for parameters of
the Gompertz distribution under the complete data and first failure-censored data.

In this paper, we study the Gompertz model with fixed covariate.

The rest of this paper is organized as follows. In Section 2, the maximum like-
lihood estimation of the model parameters is studied. In Section 3, a real data set
is used to illustrate the results of the paper. Kolmogorov-Smirnov fitness of good
test is applied to test the data come from Gompertz model. Using this data set, the
parameters is estimated and the behaviors of survival function and hazard function

are considered in this section. Finally, some conclusions are stated in Section 4.
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2 Maximum likelihood estimation

Let (T,Y) = (T1,Y1,13,Ys, ..., T,,Ys) be the vector of observations such that 7;
is the lifetimes of n independent Gompertz experimental units and y; is a fixed
covariate corresponding to the ith unit. For a data set with a fixed covariate yi

where ¢ = 1,2,--- ,n, the hazard function for ¢th subject can be expressed as
h(tz) — 650+51yi+7ti’ (2.1)

where 6 = (5, f1,7) is a vector of parameters, which may be estimated by various
methods such as maximum likelihood estimation. The likelihood function of € is
given by

L(0) = J(ti, v:;0)

1=

1

<.
Il

Il

-
I
—

Tt [y 0) f(ys),

where f(y;) does not depend on 8; therefore, to infer about 6 it may be omitted. In

other word, the likelihood function may be considered as follows

Ly(0) = [ [ f(ti s 6).
i1
So, the maximum likelihood estimator (MLE) of 8 can be derived by maximizing

L1(8), which is the solution of the following equation

0

Using (2.2), the MLEs of /3y, 51 and v may be derived by solving the following

equations

1 n
+ = Bo+Pryi (1 — i) — 0,
RPN

Z i + izyieﬂo+ﬂ1yi(1 _ e’th',) =0,
— .

= i=1
n n

Z ti — Z eﬂo-i-ﬁlyi (1 _ e’Yti) _ l i tieﬂo-l-,@lyri-”/t,- - 0.
1

1
~2
i=1 s 7=
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After finding the MLEs of the model parameters, according to the invariance prop-
erty of such estimator, the MLEs of hazard function and survival function will be

derived using (1.2) and (1.3), respectively.

3 Application to a real data set

The data set utilized in this study has been collected in the dermatology clinic of
Ghaem Hospital in Mashhad from January 2013 to February 2015. The data set was
collected from patients, with plantar warts, who had referred to the dermatology
clinic. This type of warts is one of the most common wart types. The age of
patient (year) and time elapsed before treatment (month) are two features gathered
in this data set, which are presented in Table 1. The second feature is considered as

response variable in this model and the first one is assumed to be a fixed covariate.

Table 1. The wart treatment data set.

Age Time Age Time Age Time Age Time Age Time Age Time
35 12 17 5.25 35 9.25 17 5.25 35 7.25 17 5.75

29 7 23 11.75 29 7.25 23 9.5 29 11.75 23 10.25
50 8 27 8.75 50 8.75 27 10 50 9.5 27 10.5
32 11.75 15 4.25 32 12 15 4 32 12 15 5.5
67 9.25 18 5.75 67 12 18 4.5 67 10 18 4
41 8 22 5.5 41 10.5 22 5 41 7.75 22 4.5
36 11 16 8.5 36 11 16 10.25 36 10.5 16 11
59 3.5 28 4.75 63 2.75 28 4 67 3.75 28 5
20 4.5 40 9.75 20 5 40 8.75 20 4 40 11.5

34 11.25 30 2.5 34 12 30 0.5 34 11.25 30 0.25
21 10.75 34 12 21 10.5 34 10.75 21 10.75 34 12

15 6 20 0.5 15 8 20 3.75 15 10.5 20 3.5
15 2 35 12 15 3.5 35 8.5 15 2 35 8.25
15 3.75 24 9.5 15 1.5 24 9.5 15 2 24 10.75
17 11 19 8.75 17 11.5 19 8 17 9.25 19 8

In order to test the times elapsed before treatment come from Gompertz dis-
tribution, Kolmogorov-Smirnov test has been done; the observed test statistic is
0.1037 with the corresponding p-value to be 0.2928. Based on these observations,
there is no reason to reject the null hypothesis that the data come from Gompertz
distribution. The Q-Q plot is also presented in the Figure 1.

Using the data set of Table 1, the maximum likelihood estimator of 8 is as follows
Bo = —3.4906, S, = —0.0208, 4 = 0.3342.

The behaviors of S(t) and h(t) with various fixed covariate are plotted in Figure 2,
for y = 20, 35 and 55.
From Figure 2 it is deduced that the survival function is decreasing with respect

to time to treatment, whereas the hazard function is increasing.
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15

10

Gompertz

Figure 1: Q-Q plot of Gompertz distribution for the time to treatment.

4 Concluding Remark

In this paper a Gompertz model with fixed covariate was considered. The problem of
estimating the unknown parameters was investigated and parameters of this model
were estimated by maximum likelihood method. The proposed estimators was de-
rived numerically for a given data set. In order to study the behaviors of survival
function and hazard function, S(t) and h(t) graphs versus time to treatment were
plotted.
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Abstract:

In this paper, we present a fractional model for transmission dynamics of HIV/AIDS
with screening, and investigate the efficacy of the fractional derivative order «
(0.6 < a < 1) on the spread of HIV/AIDS epidemic using the Adams type predictor-
corrector method. The numerical results show that the derivative order « can play
the role of precautions against infection transmission, treatment of infection and
delay in accepting HIV testing.

Keywords: Fractional calculus, HIV/AIDS epidemic, Numerical simulation
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

In human societies, evolution and control of epidemics are not possible without re-
gard to any memory effect (83). When a disease develops in a community, the
experience or knowledge of people about the spread of disease in the past affects
their response. (83; 84). Sacedian et al. (83) have included memory effects in a
susceptible-infected-recovered (SIR) epidemic model and investigated role of mem-
ory effects in the disease spreading using fractional derivatives. They have men-
tioned that the reduction of the memory kernel depends on the fractional derivative
order @ (0 < a < 1), and as « limits to 1, the memory effect is reduced. Sun

et al. (85) have presented a comparison of integer-order derivative, constant-order
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fractional derivative and two types of variable-order fractional derivatives in char-
acterizing the memory effect of systems. They have pointed out that the memory
effect characterized by fractional derivative decreases when « limits to 1. Rihan (86)
has provided a class of fractional-order differential models of biological systems with
memory, such as dynamics of tumor-immune system and dynamics of HIV infection
of CD4+ T cells. He has mentioned that the fractional derivative order « play the
role of time delay in ordinary differential models. In (87), the authors present a
fractional-order model for the dengue epidemic and show that the fractional model
simulates the first recorded epidemic in the coast of west Africa, in 2009, better
than the integer model. The authors of (88) show that numerical results of a frac-
tional order epidemic model agree very well with real data of influenza A (HIN1) at
the population level. Therefore, due to the memory effects of fractional derivatives,
the fractional calculus and their applications have been widely used in the fields of

science, engineering, and many more (89; 90).

In this paper, we consider an HIV/AIDS epidemic fractional order model with
screening that has been given by Zahra et al. (91). The model is the generalization,
to fractional order, of the model proposed by Al-Sheikh et al. (92). The authors
in (91) have discussed the local stability of the equilibria of the model by using
the fractional Routh-Hurwitz stability conditions. We investigate the efficacy of the
fractional derivative order o (0.6 < o < 1) on the spread of HIV/AIDS epidemic
in the model using the Adams type predictor-corrector method. We show numeri-
cally that the derivative order «a can play the role of precautions against infection

transmission, treatment of infection and delay in accepting HIV testing.

2 Description of the model

The model is given by

oDrS = A — (B1SIh + 32515) — S,

oDi L = (B1STy + B2STy) — (0 + 61 + p) 14,

oD Iy = 01 — (02 + p) 1o, (2.1)
GDFA = 011y + 0a1y — (1 + d) A,
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where §Df* represents the left Caputo fractional derivative of order o and for a

function f is difined as

1 t 1
cDYMf(t) = —— t—7)" M (r)d 2.2
DEF) = sy | =7 (2.
0 < a < 1, S represents the susceptible population, I; represents the infectives that
do not know they are infected, I, is the infectives that know they are infected (by
way of medical screening or otherwise), and A is the people diagnosed with AIDS.

Description of the model parameters is as follows:

A : constant recruitment rate of susceptible population;

e 31 : the per capita contact rate for susceptible individuals with unaware infec-

tives;

e [5: the per capita contact rate for susceptible individuals with aware infectives

(B2 < B1);
e 6 : the rate of unaware infectives to become aware infectives by screening;
e 07 : the rate by which unaware infectives develops AIDS;
e 0y : the rate by which aware infectives develops AIDS (d < d1);
e 4 : the natural mortality rate unrelated to AIDS;
o d: the AIDS related death rate.

System (2.1) has a disease-free equilibrium point Eo(%,O, 0,0), and there is a
unique positive endemic equilibrium E*(S*, X* Y* A*) if Ry > 1, where Ry, the
basic reproduction number, can be calculated by the next generation matrix tech-

nique of (93) as:

A[B1(d2 + 1) + B20]

R p—
0 (M+U1+u2>(52+/1)(9+51+/i)
A A(Rp—1 0 111 % +0210%
and §° = oty I = w11 = mlt and AT = SUCERES,

The disease-free equilibrium Fjy is locally asymptotically stable if Ry < 1. When
Ro > 1, the Ej is unstable and the unique endemic equilibrium E* under the frac-
tional Routh-Hurwitz stability conditions in (94) is locally asymptotically stable
(see (91)).
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Table 1: Parameter values used in numerical simulations

Parameter Value Reference

A 800 -

B 0.000090  (91)
By 0.000027 (91
0 0.02 (92)
5 0.10 (92)
5 0.08 (92)
1 0.02 (92)
d 1 (92)

3 Numerical simulation

In this section, we examine role of the order of fractional derivative o (0.6 < a < 1)
on the spread of HIV/AIDS epidemic in the model. The numerical simulations are
carried out using the Adams type predictor-corrector method and applying the val-
ues of parameters given in Table 1, the initial conditions S(0) = 30000, [;(0) =
700, I5(0) = 500, A(0) = 200, R(0) = E(0) = 0 and for different values of deriva-
tive order a.

Fig. 7?7 shows the effect of the fractional derivative order o on the spread of
HIV/AIDS epidemic forae = 0.6, 0.7, 0.8, 0.9 and 1. We observe that when the
derivative order « is reduced from 1, the memory effect of the system increases, and
therefore the infection grows slowly and the number of HIV-infected population and
AIDS people increases for a long time.

On the other hand, the experience of individuals about the past of disease makes
susceptible individuals take precautions, such as vaccination and the use of condoms,
against infection transmission (83; 84). As a result, infection among the population
grows slowly. Also, unaware HIV-infected population in some communities refuse
to perform HIV testing for unpleasant reasons and fear of identification (95). This
causes delays in identifying people living with HIV, increasing the number of un-
aware HIV-infected people , rapid progression of AIDS, and increasing the number
of people with AIDS. In addition, the experience or knowledge about disease helps
the aware HIV-infected people and AIDS people to use the antiretroviral therapy
to delay the onset of AIDS and death due to AIDS. This shows that the number of
aware HIV-infected population and AIDS people increases for a long time. There-
fore, numerical results in Fig. ?? show that the derivative order a (0.6 < a < 1)
can play the role of precautions against infection transmission, treatment of infection

and delay in accepting HIV testing.
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4 Conclution

A fractional model for transmission dynamics of HIV/AIDS with screening has been
presented. We have investigated the effect of the fractional derivative order o (0.6 <
a < 1) on the spread of HIV/AIDS epidemic using the Adams type predictor-
corrector method. The numerical results have shown that the derivative order «
can play the role of precautions against infection transmission, treatment of infection

and delay in accepting HIV testing.
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Persistent homology for protein folding analysis
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Abstract:

Persistent homology is a concept in topological data analysis used to reduce the
dimensionality and complexity of the data sets, and also to determine topological fea-
tures and delete noises. In this talk, unfolding process is simulated with the constant
velocity pulling algorithm of SMD. Then, we apply the persistent homology to reveal
the topological features of intermediate configurations. Furthermore, we construct
a quantitative model based on the accumulation bar length A; to predict the energy
and stability of protein configurations, which establishes a solid topology-function

relationship of proteins with the constant velocity pulling algorithm of SMD.

Keywords: persistent homology, protein folding, topological data analysis.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Persistent homology

Homology groups are used to classify the topological spaces.

We can simplify homology group to the number of its generators denoted by /;,
called ith Betti number, counting the connected components for ¢ = 0, cycles for
i =1, holes for ¢ = 2, voids for i = 3 and ... in a simplicial complex.

Consider a set of points in the euclidean space (see Figure 1). Start with a
distance «, and connect pairs of points that are no further apart than a.

Then, we fill in complete simplexes, that is if we find three points connected by
edges that form a triangle, we fill in the triangle with a 2-dimensional face. Any 4

points that are all pairwise connected get filled in a 3-simplex and .. ..

*Speaker: am.babace@mail.um.ac.ir
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The resulting simplicial complex is called the Rips complex complex. We then
apply homology to this complex which reveals the presence of the holes.

How can we choose the best distance a?

If o is too small, we might see multiple connected components and small holes
that are all the fact of simply. On the other hand, if « is too large, then any two
points get connected, and we get a complete simplicial complex, which has trivial
homology.

This choice of «a reveals holes, but it is important that which holes in different
values of a are persistent. Therefore, we consider all distances a.

Note that each hole appears at some particular value of o, namely «y and disap-
pears at another «, namely as. We can represent the persistence or age of this hole

as a pair (ay, az). See Figure 1.

ag ~ 0 a1 >« g > (v

a3 > Qo g > Q3

Figure 1: When distance « increases, the complex converges to be completed.

We can also visualize the pair (g, as) as an interval or bar from «; to ag. This
bar is a visual representation of the persistence of the hole. A collection of such
bars is called a barcode, and barcodes are essential objects of study in persistent

homology. See Figure 2.

2 Protein folding

Protein folding is the process by which a protein structure assumes its functional
shape or conformation. This process produces characteristic and functional 3-dimensional
topological structures from un-folded polypeptides or disordered coils. The folding
funnel hypothesis associates each folded protein structure with a global minimum
of the Gibbs free energy.

Protein folding and unfolding involve massive changes in its local and global
topology. Protein topological evolution can be tracked by the trajectory of protein

topological invariants.
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Figure 2: Horizontal axis shows the distance and vertical axis shows the number of
holes, called Betti number.

In this talk, the unfolding process is simulated with the constant velocity pulling
algorithm of SMD. Intermediate configurations are extracted from the trajectory.
Then, we employ the persistent homology to reveal the topological features of in-
termediate configurations. Furthermore, we construct a quantitative model based
on the accumulation bar length A; to predict the energy and stability of protein

configurations, which establishes a solid topology-function relationship of proteins.

The SMD is carried out through one of three ways: high temperature, constant

force pulling, and constant velocity pulling.

In this talk, the molecular dynamical simulation tool NAMD is employed to
generate the partially folded and unfolded protein conformations. Two processes
are involved, the relaxation of the structure and unfolding with constant velocity
pulling.

As proteins used in our simulation are relatively small with about 80 residues.
The spring constant is set as 7 kcal/mol A2, with 1 kcal/mol A% / equaling 69.74
pN A. The constant velocity is 0.005 A per time step. As many as 30000 simulation
steps for protein 112T and 40000 for 2GI9 are employed for their pulling processes.
We extract 31 conformations from the simulation results at an equal time interval.
The total energies (kcal/mol) are computed for all configurations. For each pair of
configurations, their relative values of total energies determine their relative stability.
A few representative conformations of unfolding 112T are depicted in Fig. 19. Obvi-
ously, topological connectivities, that is 2-dimensional complexes and 3-dimensional

complexes, reduce dramatically from conformation Figure 3a to conformation Figure

3g.
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Figure 3: The unfolding configurations of protein 112T obtained from the steered
molecular dynamics with the constant velocity pulling algorithm. Charts a, b, c,
d, e, f and g are the corresponding configuration frames 1, 3, 5, 7, 10, 20, and
30. Amino acid residues are labeled with different colors. From a to g, protein
topological connectivity decreases, while protein total energy increases (98).

3 Data analysis for protein folding

The steered molecular dynamics (SMD) is used to generate the protein folding pro-
cess. Basically, by pulling one end of the protein, the coiled structure is stretched
into a straight-line like shape. It is found that during the unfolding process, the hy-
drogen bonds that support the basic protein configuration are continuously broken.
Consequently, the number of high order complexes that may be formed during the
filtration decreases because of protein unfolding.

To validate our hypothesis, we employ the coarse- grained model in our persistent
homology analysis although the all-atom model is used in our SMD calculations.

We compute topological invariants via the distance based filtration for all 31
configurations of protein 112T. We found that as the protein unfolded, their related

B1 value decreases. See Figure 4.
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Figure 4: Topological fingerprints of four configurations of protein 112T generated
by using the distance based filtration. Charts a, b, ¢, and d are for frame 1, 10, 20
and 30, respec- tively (see Figure ?7a, 3e, 3f and 3g for their geometric shapes.).
It can be seen that as the protein unfolds, the Sy bars are continuously decreasing,
which corresponds to the reduction of topological connectivity among protein atoms
(98).

Additionally, as a protein unfolds, its stability decrease. State differently, protein

becomes more and more unstable during its unfolding process, and its total energy

15
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becomes higher during the SMD simulation. As discussed above, the first Betti
number decreases as protein unfolds. Therefore, there is a strong anti-correlation
between protein total energy and its first Betti number during the protein unfolding
process. However, using the least square fitting, we found that this linear relation
is not highly accurate with a correlation coefficient about 0.89 for 31 configurations
of 1I2T. A more robust quantitative model is to correlate protein total energy with
the negative accumulation bar length of 51(A7 = —A;). Indeed, a striking linear
relation between the total energy and A; can be found. We demonstrate our results
in the left chart of Figure 5. Using a linear regression algorithm, a correlation
coefficient about 0.947 can be obtained for 31 configurations of protein 112T. To
further validate the relation between the negative accumulation bar length and total
energy, the correlation matrix based filtration process is employed. We choose the
exponential kernel with optimized parameter k = 2 and n = 7TA . The results are
illustrated in the right chart of Figure 5. A linear correlation is found with the CC
value of 0.944.
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Figure 5: Comparison between the total energies and the persistent homology pre-
diction for 31 configurations of protein 112T. The unfolding configurations are gen-
erated by using the SMD. The negative accumulation bar length of (A7) is used
in the persistent homology prediction with both distance based filtration (left chart)
and correlation matrix based filtration (right chart). Their correlation coefficients
are 0.947 and 0.944, respectively. Clearly, there is a linear correlation between the
negative accumulation bar length of 5;(A7) and total energy (98).

To further validate our persistent homology based quantitative model for the
stability analysis of protein folding, we consider protein 2GI9. The same procedure
described above is utilized to create 31 configurations. We use both distance based
filtration and correlation matrix based filtration to compute A; for all the extracted
intermediate structures. Our results are depicted in Figure 6. Again the linear
correlation between the energy prediction using negative accumulation bar length of
the first Betti number and total energy is confirmed. The CC values are as high as

0.972 and 0.971, for distance based filtration and correlation matrix based filtration,
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respectively.
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Figure 6: Comparison between the total energy and the persistent homology predic-
tion for 31 configurations of protein 2GI9 (98).
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Abstract:

Topological data analysis in an approach to use topological techniques for anal-
ysis of datasets. Persistent homology is one of the main tools of topological data
analysis used for reducing the dimension and complexity of the data sets, and also to
distinguish topological features and delete noises. Site directed mutagenesis is widely
used to understand the structure and function of biomolecules. Computational pre-
diction of protein mutation impacts offers a fast, economical and potentially accurate
alternative to laboratory mutagenesis.

In this talk, topology based mutation predictor (T-MP) is introduced to dramat-
ically reduce the geometric complexity and number of degrees of freedom of proteins,
while element specific persistent homology is proposed to retain essential biological
information. The present approach is found to outperform other existing methods

in globular protein mutation impact predictions.

Keywords: persistent homology, protein folding, topological data analysis.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Persistent homology

Persistent homology is an algebraical tool to investigate topological features. In
topology, a group structure was defined called homology group for simplicial com-
plexes, denoted by H; indexed by ¢ = 0,1,2,... related to the dimension of holes.
We can simplify homology to the number of its generators denoted by f;, called ith

*Speaker: a.asgharzadeh@umz.ac.ir
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Betti number, counting the connected components for ¢ = 0, cycles for i = 1, holes
for + = 2, voids for ¢ = 3 and ... in a simplicial complex. By a simplicial complex,
we mean a set of points called vertices, a subset of pair of vertices called edges, a
subset of triple of vertices that are pairly joined by edges, called triangles, and .. ..

Consider a set of points in the euclidean space (see Figure 1). Start with a
distance «, and connect pairs of points that are no further apart than a. Then, we
fill in complete simplexes, that is if we find three points connected by edges that
form a triangle, we fill in the triangle with a 2-dimensional face. Any 4 points that
are all pairwise connected get filled in a 3-simplex and . ... The resulting simplicial
complex is called the Rips complex or the Vietoris-Rips complex. We then apply
homology to this complex which reveals the presence of the holes.

Note that each hole appears at some particular value of o, namely «y and disap-
pears at another a;, namely a,. We can represent the persistence or age of this hole
as a pair (g, ag). See Figure 1.

A collection of such bars is called a barcode, and barcodes are essential objects

of study in persistent homology. See Figure 1.
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Figure 1: Horizontal axis shows the distance and vertical axis shows the number of
holes, called Betti number.

The small holes, having short persistence, are not important in our data analysis
and represented by short bars in the barcodes, but larger holes, having long persis-
tence, can be considered as significant feature of the data, and they are represented
by a long bar in the barcode. Therefore, the brief interpretation of the barcodes can
be stated as: short bars represent noise, and long bars represent features.

A key property of barcodes is that they are stable under perturbations of the
data. In other words, if you move a point a little bit, the barcode only changes
a little bit. This stability of barcodes is caused by topological invariance of the

homology groups, and it is important in applications in dynamical cases. For more
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details and applications see (101).

Standard algorithms exist to compute barcodes such as streaming algorithm.
Streaming algorithms are algorithms for processing data streams in which the input
is presented as a sequence of items and can be examined in only a few passes.

The worst case runtime of these algorithms is cubed in the number of simplices,
although the complication is really worst case. In addition, improving data struc-

tures by topological simplification can speed up the computation significantly.

2 Protein stability upon mutation

Mutagenesis, as a basic biological process that changes the genetic information of or-
ganisms, serves as a primary source for many kinds of cancer and heritable diseases,
as well as a driving force for natural evolution. In laboratories, site directed muta-
genesis analysis is a vital experimental procedure for exploring protein functional
changes. Nonetheless, site directed mutagenesis analysis is both time-consuming and
expensive. Computational prediction of protein mutation impacts is an important
alternative to experimental mutagenesis analysis for the systematical exploration
of protein structural instabilities, functions, disease connections, and organism evo-
lution pathways. A major advantage of these approaches is that they provide an
economical, fast, and potentially accurate alternative to site directed mutagenesis
experiments.

The last class of approaches is knowledge based methods that invoke modern
machine learning techniques to uncover hidden relationships between protein sta-
bility and protein structure as well as sequence. A major advantage of knowledge
based mutation predictors is their ability to handle increasingly large and diverse
mutation data sets.

A common challenge for all existing mutation impact prediction models is in
achieving accurate and reliable predictions of membrane protein stability changes
upon mutation.

A key feature of all existing structure based mutation impact predictors is that
they either fully or partially rely on direct geometric descriptions which rest in ex-
cessively high dimensional spaces resulting in large number of degrees of freedom.
In practice, the geometry can easily be over simplified. Mathematically, topology, in
contrast to geometry, concerns the connectivity of different components in a space,
and offers the ultimate level of abstraction of data. However, conventional topol-
ogy incurs too much reduction of geometric information to be practically useful in

biomolecular analysis. Persistent homology, a new branch of algebraic topology, re-
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tains partial geometric information in topological description, and thus bridges the
gap between geometry and topology. It has been applied to biomolecular charac-
terization, identification and analysis. However, conventional persistent homology
makes no distinction of different atoms in a biomolecule, which results in a heavy
loss of biological information and limits its performance in protein classification. In
the present work, we introduce element specific persistent homology (ESPH), in-
teractive persistent homology and binned barcode representation to retain essential
biological information in the topological simplification of biological complexity. We
further integrate ESPH and machine learning to analyze and predict protein muta-
tion impacts. The essential idea of our topological mutation predictor (T-MP) is to
use ESPH to transform the biomolecular data in the high-dimensional space with
full biological complexity to a space of fewer dimensions and simplified biological
complexity, and to use machine learning to deal with massive and diverse data sets.
A distinct feature of the present T-MP is that the prediction results can be ana-
lyzed and interpreted in physical terms to shed light on the molecular mechanism
of protein folding energy changes upon mutation. Additionally, the mathematical
model for different types of mutations can be adaptively optimized according to the

performance analysis of ESPH features.

3 Persistent homology characterization of protein

Unlike physics based models which describe protein folding in terms of covalent
bonds, hydrogen bonds, electrostatic and van der Waals interactions, the natural
language of persistent homology is topological invariants, i.e., the intrinsic features
of the underlying topological space.

When persistent homology is used to analyze three dimensional (3D) protein
structures, one-dimensional (1D) persistent homology barcodes are obtained as topo-
logical fingerprints (TFs).

As an illustration, we consider the persistent homology analysis of a wild type
protein (PDB:ley0) and its mutant. The mutation (G88W) occurred at residue 88
from Gly to Typ is shown at Figure 2 a and b. In this case, a small residue (Gly) is
replaced by a large one (Typ). We carry out persistent homology analysis of a set
of heavy atoms within 6A from the mutation site. Persistent homology barcodes of
the wild type and the mutant are respectively given in Figure 2 ¢ and d.

The above topological representation of proteins does not contain sufficient bi-
ological information, such as bond length distribution of a given type of atoms,

hydrogen bonds, hydrophobic and hydrophilic effects, to offer an accurate model for
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Figure 2: An illustration of persistent homology barcode changes from wild type to
mutant proteins (100).

protein mutation impact predictions. To characterize chemical and biological prop-
erties of biomolecules, we introduce element specific persistent homology (ESPH).
Instead of labeling every atom as in many physics based methods, we distinguish dif-
ferent element types of biomolecules in constructing persistent homology barcodes.

For proteins, commonly occurring element types include C;N;O; S and H.

a b . c d

Figure 3: An illustration of element specific persistent homology (ESPH) indicating
the hydrophilic network (Left) and hydrophobic network (Right) at a mutation site
(100).

The most important issue in protein mutation impact analysis is the interactions
between the mutation site and the rest of the protein. To describe these interac-
tions, we propose interactive persistent homology adopting the distance function
DI(A;; Aj) describing the distance between two atoms A; and A; defined as

w;ifLoc(A;) = Loc(A;);
DE(A;; Aj); otherwise;

where DE(-,-) is the Euclidean distance between the two atoms and Loc(-) denotes

the location of an atom which is either in a mutation site or in the rest of the protein.

In the persistent homology computation, Vietoris- Rips complex (VC) and alpha

complex (AC) are used for characterizing first order interactions and higher order

patterns respectively. To characterize interactions of different kinds, we construct

persistent homology barcodes on the atom sets by selecting one certain type of atoms
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in mutation site and one other certain type of atoms in the rest of the protein.

Barcodes computed by persistent homology are capable of revealing the molec-
ular mechanism of protein stability. For example, interactive ESPH barcodes gen-
erated from carbon atoms are associated with hydrophobic interaction networks in
proteins. Similarly, interactive ESPH barcodes between nitrogen and oxygen atoms
correlate to hydrophilic interactions and/or hydrogen bonds as shown in Figure 3.
Interactive ESPH barcodes are also able to reveal other bond information; notwith-
standing, they can not always be interpreted as covalent bond, hydrogen bonds, or
van der Waals bonds in general. In fact, interactive ESPH barcodes provide an

entirely new representation of molecular interactions.

While the topological descriptors give a through examination of the atomic ar-
rangements and interactions, some other crucial properties are not explicitly char-
acterized. Additionally, due to the diverse quality of the structures examined, some
higher level descriptors such as residue level descriptors can enhance the robustness
of the model. Therefore, we include some auxiliary descriptors from the aspect of
geometry, electrostatics, amino acid types composition, and amino acid sequence.
The geometric descriptors contain surface area and van der Waals interaction. The
electrostatics descriptors are consisted of atomic partial charge, Coulomb interac-
tion, and atomic electrostatic solvation energy. The high level descriptors include
neighborhood amino acid composition and predicted pKa shifts. The sequence de-
scriptors describe the secondary structure and residue conservation score collected

from Position-specific scoring matrix.

The topological features and the auxiliary features are ideally suited for being
used as machine learning features to predict protein stability changes upon mutation.
We have examined a number of machine learning algorithms, including decision tree

learning, random forest, and gradient boosted regression trees (GBRTS).

To demonstrate the power of the proposed T-MP for protein mutation impact
predictions, we consider a data set of 2648 mutation instances in 131 proteins, called
52648 data set.9 Additionally, a subset of the S2648 data set involving 67 proteins,
named S350 set, is used as a test set.

A comparison of the performances of various methods is summarized in Table
1. Pearson correlations coefficient (RP ) and RMSE for test set S350, and five-fold
cross validations for training set S2648, are given for various methods, including
ours.

A comparison between T-MP-1 and T-MP-2 indicates that geometric, electro-
static and sequence features give rise to approximately 5% improvement over the

original topological prediction, indicating the importance of geometric, electrostatic
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and sequence information to mutation predictions.

Our topology based approaches significantly outperform other existing physical
or empirical methods. When auxiliary features are used together with topological
features, a 5% improvement in Pearson correlation coefficient is found. Compared
with Rosetta- MP, which achieves the best performance with terms designed for
membrane proteins,19 the present T-MP-2 has a 84% higher Pearson correlation
coefficient. Nonetheless, Kroncke et als statement about membrane protein mutation
impact predictions still holds as the best Pearson correlation coefficient is only 0.57
and the best RMSE is over 1 kcal/mol. We therefore call for further methodology
developments to improve membrane protein mutation impact predictions.

This article introduces element specific persistent homology to appropriately sim-
plify biomolecular complexity while effectively retain essential biological information
in protein mutation impact predictions. Extensive numerical experiments indicate
that element specific persistent homology offers some of the most efficient descrip-
tions of protein mutation impacts that cannot be obtained by other conventional

techniques.
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Abstract:

In this paper, the modified variational iteration method (MVIM) is investigated
to give an approximate solution of a model for HIV infection of C'D4™" T-cells. MVIM
cancels all the unsettled terms in variational iteration method (VIM) and the time
for doing the calculations is low. The method is very simple and easy
Keywords: Modified variational iteration method; HIV infection model; Numerical

solution.
Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

Many researchers have been researching mathematical models for the problem of HIV
and its treatment (102). Rocha et al.(103) studied stability and optimal control of a
delayed HIV model. Then Perelson et al. modified and generalized this model to new
model with four variables by a system of non-linear ordinary differential equations
(102). In recent years, several applicable models have been presented based on the
Perelsons models (104). The aim of this paper is to solve the Culshaw and Ruans
model (104) for HIV infection ofCD4*T-cells as

dT T+1
=S5 urT +rT(1 — T ) — ki VT,
dl

av

E = N/Lb[ - leT - /,I/VV

*Speaker: Pooneh.omidi.710122@gmail.com
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Several approximate analytical methods are proposed for solving this system. Some

Table 1: List of variables and parameters (modified from(104)).

Parameters and variables Meaning
Dependent variables
T Uninfected C'D4% T-cell concentration
I Infected C'D4" T-cell concentration
V Concentration of HIV RNA
Parameters and constants
i Natural death rate of C'D4™ T-cell concentration
7, Blanket death rate of infected C' D4+ T-cells
b Lytic death rate for infected cells
1y Death rate of free virus
k1 Rate C'D4" T-cells become infected with virus
k] Rate infected cells become active
r Growth rate of C'D4"T-cell concentration
N Number of virion produced by infected C' D4 -cells
Trae Maximal concentration of CD4" T-cells
s Source term for uninfected C'D4" T-cells
Derived quantities
T CD4" T-cell concentration for HIV-negative persons

of these methods are the homotopy perturbation method(105; 106), Adomian de-
composition method(107) and etc. In this paper, the Modified variational iteration
analysis method ( MVIM) is introduced for solving the model for HIV infection of
CD4" T-cells of Culshaw and Ruan described above.

2 The modified variational iteration method

Consider the following differential equations,

u(0) = £(t) (2.1)

where L = —, R is a linear operator, Nu(t) is a nonlinear term and g(¢) is an
inhomogeneous term. Following the same procedure as done in VIM and using the
following iteration formula (2.3) instead of the iteration formula (2.2):

Upir = U, — f{L(Un) + R(U,) + NU, — gdr (2.2)
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t
Uit = U, j (R(Up — Up—r) + (G — G}, (2.3)
0

where U_; = 0, Uy = f(t), Uy = Uy — §(R(Uy — U-1) + (Go — G_1) — g)dr, and
G, (t) is obtained from NU,(t) = G,(t) + O(t"*!). Actually, for the nonlinear part
we use the Taylor series expansion. Eq. (2.3) can be solved iteratively to obtain an
approximate solution that takes the form wu(t) ~ U, (t), where n is the final iteration
step.

3 EXAMPLE

In this section, the MVIM is applied to solve the non-linear system of Eqgs. (3.1) for

mentioned values of Table 1,

dr T+1

E:S—NTT—H"T(l—T ) — k VT,

dl

= KVT = pul, (3.1)
av

— = Nupl — VT — 'V,
dt Hb 1 HvVv,

that Ty = 1000, Iy = 0, Vo = 0.001, » = 0.03, ur = 0.02, puy = 0.26, pp = 0.24,
py =24,k =24+1075 k} =2+ 107°, N = 500, s = 10, T}, = 1500. By using
Mathematica software, three - term approximations for 7', I, and V', were obtained
as follows

Ty = 1000. — 0.000024¢t — 2.4 + 10~ "¢2,
I3 = 0. + 0.00002¢ 4 2.6 + 107t
Va = 0.001 — 0.002424¢ — 0.0041088¢>. (3.2)

We substitute Eqgs 3.2 into 3.1 and obtain the residual function ER;(T,I,V), i =
1,2, 3 as follows:

dT, T, + 1,
ER(T,1,V) = < s+ Ty = 1T,(1 - Ty VLT,
I,
ERy(T,1V) = 2 = KV, T, + i, (3.3)
dv,
ERy(T,1,V) = 2 — Nyl + kaVaTo + v Vi,

dt
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we define the square residual error for the three -order approximation to be:

1
RT = f (ER(T,1,V))%dt,
0

RI = f I(ERQ(T, I,V))%dt, (3.4)

0

1
RV = J (ERs(T,1,V))%dt,
0

then, the minimum values of RT', RI, and RV have been given in table 2.

Table 2: The minimum values of RT', RI, and RV.

Minimum value
RT | 2.60205+107%
RI | 213071 %1078
RV | 6.30938 « 10~*

Table 3: The residual errors ER;, ERs, and ERj3 fo rvarious ¢ € (0,1).

t | ERL(T,1,V) | ER2(T,1,V) | ER3(T,I,V)
0.0 | —1.77636 = 10~ 0. 0.
0.1, | —7.98617%107% | 7.71+10% | —1.89886 « 10~3
0.2 | —2.05751 %107 | 1.94485 + 10~ | —4.35396 * 1073
0.3 | —3.84052%10° | 3.57921 % 10~ | —7.45106 * 103
04 | —6.2115%107° | 5.73176 « 10~° | —1.1276 % 102
0.5 | —9.23429 % 107> | 8.46017 + 10~ | —1.59144 « 102
0.6 | —1.29727 %10~ | 1.18221 « 104 | —2.14522 « 102
0.7 | —1.74907 + 10~ | 1.58752 % 10~% | —2.79751 « 102
0.8 | —2.28519% 10~ | 2.06773 % 10~ | —3.5569 « 102
0.9 | —2.91204 % 10~* | 2.62858 « 104 | —4.43195 = 102

1 | —3.63599 « 104 | 3.27586 % 10~ | —5.43124 « 102
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4 Conclusion

In this paper, the modified variational iteration method has been successfully devel-
oped and applied for solving a model for HIV infection o C D41 T-cells. The results
obtained show that the MVIM is an accurate and effective technique for obtaining

the approximate solution of HIV infection of C'D4" T-cells.
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The role of disease in the prey-predator model
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Abstract:

The abstract Mathematical ecology and mathematical epidemiology are both
major field of studies in both biology and applied mathematics. To describe any
type of biological phenomena such as competition, coexistence, reactions between
two species and etc. In the present paper a prey- predator model which having dis-
ease is studied. In continuity, the said model is constructed. Finally, three theorem
are proved.

Keywords: Prey-Predator, Infected Model ,Equilibrium Point, Boundedness, Sta-
bility.
Mathematics Subject Classification (2010): 92D40, 92B05.

1 Introduction

To find out more practical application, it is necessary to have good knowledge in
mathematics (110). Infectious diseases can be factor in regulating human population
sizes. For example, Black Death in Europe in the 14" centur killed up to one-
fourth of the human population. European diseases such as smallpox brought by
Cortez and others to Mexico decimated the native population there in the 16
century. Rinderpest caused high mortality in wild animals in Africa at the end of
the 19" century. Myxomatosis caused enormous decreases in the rabbit population
in Australia in the 1950s. In the complex ecosystem predator-prey relationships
can be important in regulating the numbers of prey and predators. For example,

when a bounty was placed on natural predators such as cougars, wolves and coyotes

*Speaker: mh.rahmanidoust@university.ac.ir
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in the Kaibab Plateau in Arizona, the deer population increased beyond the food
supply, and then over half of the deer died of starvation in 1923-25 (109).The model
we introduce consists of two populations: the prey population and the predator
population. Both of the populations have two sub classes: susceptible and infected

(108).

2 Modelling

At time T, let S(T') denotes the density of the susceptible prey, and I(7T") denotes
the density of the infected prey. The susceptible and infected predator densities
are denoted by X (T') and Y (T'), respectively. We describe some basic assumptions
which have been made in the formulating of model.

Hy) In the absence of predator population and with no disease, the prey population
grows logistically with intrinsic growth rate v and environmental carrying capacity
x( which is positive ).

Hy) Only the susceptibeie prey can reproduce.

H3) The disease spreads among the susceptible prey when it comes in contact with
the infected one. The prey, once became infected, never recovers. It will either die or
will be removed by predation. The infected prey population have a disease induced
death rate in excess.

H,) We assume that the infected predators are unfit to be able to catch a healthy
predator only. But an infected prey, being weak and more vulnerable, is available
for predation by both susceptible and infected predators.

Hjs) The disease spread over predator population by direct contact with an infected
predator. An infected predator never becomes recovered or immuneit remains in-
fected or dies out.

Hg) We further assume that the predator population have a natural death, whereas
the infected population have a disease induce excess death rate also.

The above consideration motivate us to from the following set of four nonlinear or-

dinary differential equations:
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dS S+1

diT = ’}/S(l — T) — alsf — blsX,

A ST —dyd — FIX —my Y

dr ay 1 1 mylr,

dX

d7T = clSX +91]X — €1XY — (SlX,

dy

ﬁ = €1XY — (51 + Oél)Y + nlfY (21)

Whit S(0) = Sp = 0,1(0) = Ih = 0,X(0) = Xy > 0,Y(0) =Y, > 0. Here the
parameter a; is the infection rate fore prey population, b; is the predation rate of
susceptible prey by healthy predators.The infected prey population has a disease
induced death dy, alsof; and m; are respectively the predation rate of infected
prey by susceptible and infected predators.The parameters ¢; and g; are the
conversion rates for healthy and infected preys to healthy predator. d; is the
natural death rate for the predator population has disease induced death rate a;.
We e; as the infection rate for predator population and n; as the conversion rate
for infected prey to infected predator. We make an obvious assumption that all the
parameters are positive. The model we have just specified has thirteen parameters,
which makes analysis difficult.To reduce the number of parameters and to
determine which combinations of parameters control the behavior of the system,
we non-dimensionalize the system (1) whit the following scaling:

%,i:é,:zczK yz%andtzfyT.

S = P

Then (after some simplification) the system (1) leads to the following form:

ds
— =5(1—s—1) —asi — bsx
= s(-s—i) ,
di
— =ast — di — fxi —miy,
o f y
dx 4 i 5
— = csx + gir — exy — O,
di g Y
d
—yzexyfozy+m'y. (2.2)
dt
In the above system, we have: ¢ = %8 p =tk c—ar g_d o_ar ¢ fir o
B! v B! B! ¥ v
DE gy — MUK UK o Sidog 5 91
v v v v o

Definition 9. A point x. € R" is called an equilibrium point of equation x' =
f(t,x)(at time t* € RY) if f(t,z.) =0 for all t > t*.

Definition 10. The solution of equation o’ = f(t,x) is uniformly bounded if for any
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a > 0 and ty € R, there exists a § = () > 0 (independent of to) such that if
| € |< a, then| ¢(t,to,&) |< B for all t = ty.

Definition 11. The equlibrium x = 0 is stable for system o = f(t,x) if for every
e > 0 and any ty € R* there exists a §(e,tg) > 0 such that | ¢(t,t,&) |< e for all
t =ty whenever| £ |< (e, tp).

3 Main results

First, equilibrium points will be presented, then some theorems will be proved. In
the next theorems boundedness, locally asymptotically stability will be studied.
System (2) may have the following equilibrium points:

a) The trivial equilibrium point Ey(0,0,0,0),

b) The axial equilibrium point F4(1,0,0,0),

c¢) The disease-free equilibrium point Fs(ss, 0, z5,0),

d) The predator-free equilibrium point Fs(s3,i3,0,0),

e) The infected-predator-free equilibrium point Ey(sy, 4,24, 0),

f) The infected-prey-free equilibrium point Es(ss, 0, 5, ys),

g) The interior equilibrium point E*(s*,i*, z*, y*).
Theorem 3.1. All solutions of system (2) which start in R: remain positive forever.

Proof. Since all the parameters are non-negative, the right hand side of (2) is a
smooth function of variables (s,i,x,y) in the positive octant, Q = {(s,i,z,y)|s =
0,i > 0,z > 0,y > 0}. Q is an invariant set. Since system (2) is homogeneous,
we have s = 0,7 = 0,2 = 0 and y = 0 is one of the solutions. The uniqueness
and existence theorem ensures that any trajectory starting from the first quadrant

remains in it that is no trajectory will cross the coordinate planes. O]
Theorem 3.2. All solutions of system (2) are uniformly bounded.

Proof. Let (s(t),i(t),z(t),y(t)) be any solution of the system(2). Since

ds

o < s(l—s),
we have
lim sup s(t) < 1.
t—o0
Let

W=s+i+x+y.
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Therefore,
aw
Wés—di—&v—ay
< 2s — RW, R = min{1,d, J, a}.
Hence awv
+ RW <25 <2
dt

Now, by applying theory of differential inequalities, we obtain

. 2 W(s(0),i(0),z(0),y(0))
0<W(s,z,x,y)<ﬁ+ CRi )
And for t — oo,
2
0<W < —.
R

Thus, all the solutions of system (2) enter into the following region

2
B ={(s,i,z,y): 0 < W < ﬁ+€’ for anye > 0}.

Now we analyze the nontrivial equilibrium point.

The interior equilibrium point E*(s*,i*, x*, y*) of system(2) exists if

(i) [P = maz{|(1 + a) P, + bP|, ’MH
(ii) P, P, and Py are of same sign, where Py, P, and P3 are given by:

P, = e(aba + fa + cm + de) — (bema + med + ae?),
P, = e(abn + fn+ (1 + a)em) — (bemn + a(1 + a)e* + meg),
P3 = (aen + mnd + (1 + a)ema)) — emn + den + (1 4 a)aea + mga).

When these conditions are satisfied, the values of s*,¢*, 2™, y* are given by
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PQ—(1+CL)P1—P3b

s* = B, :
+ D
%
* P3
=5
r (9g—c—ac)Py + (¢ — )Py, — bcPs

€P2

Theorem 3.3. Nontrivial equilibrium point E* is locally asymptotically stable pro-
vided Dy > O, Ds > 0, Dy >0 and D1DyDs > Dg + D%D4

At the interior equlibrium E*, the Jacobian matrix J(E*) can be obtained as

follows:
—s* —(1+a)s* —bs* 0
N ar* 0 —fa* —nu*
cT gz 0 —ex
0 ny* ey* 0

Ax4
The corresponding characteristic equation is given by
A+ DA + DoX? + D3A + Dy = 0,
where
Dy = —tr(J(EY)) = s*

Sum of all the possible second order principal minors is

Dy = 2z y* + fgz* + mnity* + a(a + 1)s*i* + bes*x™,
-(Sum of all the possible third order principal minors) is
Dy = (e’s*z*y* + fgs*a*® + mns*i*y* — enfa* y* + megi*z*y* + abgs*i*z* — cf(a + 1)s*z*),
and det(J(E*)) is
ok

Dy = —enfs*z**y* + [emg + a(a + 1)e — aben + bemn — cme(a + 1)]s*i*z*y*.

By Routh - Hurwitz criterion, all the eigenvalues of J(E*) have negative real
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parts if
D;>0,i=1,34,
D1<D2D3 — D1D4) — D?Q’ > (.

Therefore, if D; > 0,D3 > 0,D4 > 0 and D;DyD3 > D32 + D3D,, E* is locally
asymptotically stable.
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Abstract:

In the paper [HTLV-Infection: A dynamic struggle between viral persistence and
host immunity, Aaron G. Lim, Philip K. Maini, Journal of Theoretical Biology 352
(2014) 92-108], the authors proposed a mathematical model for HTLV-I infection,
which is a non-linear ordinary differential system.

In this paper we compare the numerical solution of the Euler method and the adap-
tive Runge-Kutta methods for this model.

Keywords: HTLV-I Infection, Euler Method, Adaptive Runge- Kutta method,
Modified Euler method.

Mathematics Subject Classification (2010): 62N01, 962F10.

1 Introduction

The human T-cell lymphotropic virus, or human T-cell leukemia-lymphoma virus
(HTLV) family of viruses are a group of human retroviruses that are known to cause
a type of cancer called adult T-cell leukemia/ lymphoma and a demyelinating dis-
ease called HTLV-I associated myelopathy/tropical spastic paraparesis (HAM/TSP).
For this infection Neither vaccine nor cure has been discovered. HTLV-I is a persis-
tent human retrovirus that infects between 10 and 25 million individuals world-wide.

Studies in the infectious mode of transmission of HTLV-I and the risk factors for

*Speaker:zaynab.r@iasbs.ac.ir
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HTLV-I-related diseases have been carried out in several countries, and the world-
wide differences in the prevalence, age patterns, ethnic groups and clinical presenta-
tion of related diseases have been described. Recent experiments on the persistence
of HTLV-I have leads to creation mathematical models that reveal interactions be-
tween pro-viral latency and activation. Mathematical modeling can help us break
a part the complex mechanisms of HTLV-I persistence and identify the underlying
principles that govern successful viral propagation in the presence of host immunity.
In (114) Li and Lim, formulate a mathematical model which illustrate the balance
between latency and activation in the target cell dynamics of the viral infection.

In this paper, we discrete this mathematical model by using Euler method, and then

we study the stability of its fixed point.

2 Mathematical model

A mathematical model is offered by Li and Lim (114), in which the interaction
between the latent and active in the target cells is shown.

The target cells of this virus are CD4" helper T-cells that in the first we divided
into three different compartment. As mentioned in (113), we define

y1(t): density of healthy CD4™" helper T-cells at time t,

yo(t): density of latently infected CD4* helper T-cells at time t,

ys(t): density of actively infected CD4™* helper T-cells at time t,

y4(t): density of HTLV-I-specific CD8" CTLs at time t.

The proposed mathematical model of HTLV-I infection is as follows:

dyy/dt = X = Byrys — pai

dya/dt = Byrys + 1ys — (T + 12)y2

dys/dt = Tya — VYsys — H3Y3

dys/dt = vys — j1ays (2.1)

This is a 4-dimensional nonlinear ordinary differential equation. The parameters
have been estimated using both experimental and theoretical methods in studies
of CD4" lymphocyte kinetics by Kirschner and Webb (115). We summarize the
parameters in the the Table 1, ((113)).
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Table 1: Table of biologically relevant dimensional initial conditions and parameter

values

Initial condition Value (cells/mm?)

Biological meaning

y1(0) ~ 850
y2(0) 0.1
y3(0) 0.5
Dimensional parameter Value
A 10cells/mm? /day
g 0.00110cells/mm3/day
r 0.011day~1
T 0.003day 1
¥ 0.029day~1
v 0.036day =0
1 0.012day~1
fho 0.03day~1
143 0.03day~1
2! 0.03day~1

Rate of production of target cells
Infectious transferability coefficient
Selective proliferation rate of actively infected
Rate of spontaneous Tax expression
Rate of CTL-mediated lysis of actively infected
Proliferation rate of CTLs (or CTL responsiver
Natural death rate of healthy cells
Natural death rate of latently infected cells
Natural death rate of actively infected cells
Natural death rate of virus-specic CTLs

3 NUMERICAL METHODS FOR ODE SYSTEM

The initial value problem for a system of m first-order differential equations has the

general form

yi(t) = Aty (®), s ym (@), 1 (to) = Y10,
(3.1)
U ) = Jn(t 5105 ym (1), Ym(to) = Ymo-
We seek the functions y;(t), ..., ym(t) on some interval to <t < T. Let
y1<t) Y1,0 fl(tayb 7ym)
ym<t) ym,O fm(tayla 7ym)
Then (3.1) can be rewritten as
Y1) = €LY (1), Y(to) = Yo (3.3)
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T—1t
Assume that we partition the interval [to, T'| as {ti st =ty+ih, i =0,1,...n and h = 0 }
n

The Eulers method for solving the system (3.3) has the following vector form:

Y(tn1) = Y(tn) + hE(tn, Y(t0)) + R(E), . y(to) = vo,
R(t) = 21!h2Y"(§), Ee(t,t+h)

If a positive number M exists so that [Y' (t)| < M for all t € (t,T), it follows that

1
R()| < S MA?

therefore R(t) = O(h?). The procedure for calculating the numerical solution to the
initial value problem via the improved Euler’s method. by way of Modified Euler
(ME) method, is to first calculate the intermediate value ;41 and then the final

approximation y;,1 at the next integration point.

Yiir =Y+ hf(ts, y3),

h .
Yin=Yitg [£(t:,y1) + £(tir1, Fiva)] - (3.4)

The general s-stage RK method written in the form
Yoo =Y, +h) bK;, (3.5)
i=1
where K; are as follow:

Ki = f(tn + Cih,Yn + hZ ai,jKj)7 1=1: S, C; = Z am i=1:s. (36)
j=1

J=1

We can show the coefficient of Runge-Kutta method by the following table, known
as Butcher table. The Boucher table is triangular to the top form of explicit RK

Table 2: The Butcher array for a full (implicit) RK method

Ci | Q11 Q12 -+ A1
Co | G271 Qg2 -+ Ay
Cs Qs1 Ag2 e Ag s

bl bQ . bs

method.
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3.1 Error Control and the Runge-Kutta-Fehlberg Method

One popular adaptive technique for controlling the error is the Runge-Kutta-Fehlberg
method (known also as ode45 method in Matlab). This technique uses a Runge-

Kutta method with local truncation error of order five,

16 6656 28561 9 2
Yoo =Y+ —K, + —— O Ky — ks + — K, .
1 T a5 T 1082578 T sga30" T 50 T 5Tt (3.7)

to estimate the local error in a Runge-Kutta method of order four given by

25 1408 2197 1
Y, 1=Y,+ 2TGk1 + 2565k3 + 4104k4 — gkg), (3.8)

where
ki = hE(t:, Y5),
ky = hEf(t; + Z’Yi + zllkl)’
ks = hf(t; + 38hY + ;’le + ??Qk2),
ks = hf(t; + h,Y; + i’zkl — 8ko + 3561830k3 - 4814054k4),
ke = hf(t; + ZY — 287k1 + 2ky — ggé‘gkg + ﬁgik4 — Ll)ks)-

We solve the model of (2.1) by the Matlab code ’ode45” which use Runge-Kutta-
Fehlberg method and then plot the functions y;(t),7 = 1,2,3,4 in the Figure 1.

Since ’ode4b’ uses a method of oder 5, we assume the solutions of ode45 as
exact solution of the model (2.1). Then fo comparing the Euler and Modified Euler
methods we solve (2.1) by Euler method with time step size h = 1 day and also
by the Modified Euler (ME) method with time step size h = 5 day. The results ae
presented in Table 3 and 4.

4 Corollary

Our numerical experiments show that for solving mathematical models such as (1),
the Modified Euler (ME) method (even by larger step size) is more accurate than
Euler method.
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Figure 1: Numerical solution of model (2.1) with initial conditions and parameter
values as in Table (1) The level of healthy v (t), latently infected yo(t), and actively
infected y3(t) target cells are shown in blue, red, and black, respectively, and the
level of HTLV-I-specific CTLs y,(t) is shown in green. (@) The full dimensional range
showing all cell populations and highlighting their relative abundances. (b) — (¢) A
closer examination of the behaviour of y,(t), y3(t) and y,(t) in model (2.1).

Table 3: Numerical solution obtained by Euler and ode45 methods at different times

T yFuler yuler yPuler——y Buler 905 yoeds odedsodeds
T=0 850 0.1 0.5 0.1 850 0.1 0.5 0.1
T =25 | 8381986 59675 0.3920 0.3049 | 838.2361 5.9316 0.3953 0.3040

T =250 | 769.0396 27.3701 1.11735 1.3736 | 769.1160 27.3480 1.1730 1.3724
T =500 | 760.2673 27.0242 1.1547 1.3876 | 760.2737 27.0276 1.1547 1.3877
T =1000 | 760.2941 26.9440 1.1528 1.3834 | 760.2909 26.9483 1.1525 1.3836
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Table 4: Numerical solution obtained by Modified Euler (ME) and ode45 methods
at different times
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Optimal control of chemotherapy on a cancer-obesity model

Mohammad Shirazian and Somayyeh Beheshti*
Department of Mathematics, University of Neyshabur, Iran.

Abstract:

Obesity as a risk factor has been found in dierent types of cancers such as breast
cancer and colorectal cancer among others. This challenges us to study the cancer-
obesity relationship and the tumor response to chemotherapy. In this work, we study
and analyze an improved optimal control protocols for chemotherapy treatments
for a mathematical model of cancerous growing tumor that is interacting with the
healthy cells, the immune system cells and the stored fat in the organism.
Keywords: Optimal control, Chemotherapy ,Equilibrium points, Stability.
Mathematics Subject Classification (2010): 49J15, 34H15.

1 Introduction

In this work, we propose and analyze a cancer-obesity model for the growth of a
tumor where chemotherapy schedules are obtained using optimal control techniques.
Our aim is to study how the diet can affect different tumor growth scenarios when
chemotherapy is applied. This is motivated by the reported relationship between
obesity and cancer in several experimental studies such as (119). Our model includes
an equation for the stored fat in the organism based on logistic growth which includes
a parameter to model the carrying capacity of the system. We claim that this
parameter, the carrying capacity, is related to anthropometric measurements of in-
body fat such as the Body Mass Index (BMI) and Waist-to-Hip ratio.

The use of optimal control to model a chemotherapy treatment is not a new idea,
but it is a well known tool to study chemotherapy protocols with constrains. For

example, in (122) it is used optimal control chemotherapy treatments to study the

*Speaker: somayebeheshte812Q@gmail.com
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resistance to a drug in a heterogeneous cancerous tumor. There, it is concluded that
the drug must be given at the maximum rate in order to reduce the resistance. An
overview of chemotherapy models using optimal control is presented in (121) and
a discussion of the potential of application of this technique is given in (120). Our
model proposal is based on the De Pillis and Radunskaya model, reported in (121)
which also models the chemotherapy treatment using control theory. Their goal is
to minimize the tumor cells while keeping the healthy cells above a predetermined
level.

2 The cancer-obesity model description

Consider the following control model (121),
plT

a+pul+T
T =rT1—WT) — coIT — csTN + ¢sTF — as(1 —e™)T

I=s+ — e IT —dyI — ay(1 — ™)1 (2.1)

(2.2)
N =7ryN(1 —=byN) —c4/TN —az(l —e )N (2.3)
F =r3F(1 = byF) — cgFT —ay(1 — e ) F (2.4)

(2.5)

u = v — dou,

where I(t) denotes the number of immune cells at time ¢, T'(t) the tumor cells at
time ¢, N(t) the normal cells at time ¢, F(t) the fat stored in adipocytes at time
t, and wu(t) the drug in the organism. The function v(t) models the application
protocol of chemotherapy, while ds is the constant related to the natural decay of
the drug. The parameters associated to immune system are: s the basal response,
p the immune response stimulated by the cancer cells, o and p are constants that
model the immune response caused by tumor in a form of a saturation term. The
constants 71, ro and r3 are the growth rates for the tumor cells, the normal cells
and the fat, respectively. Also, the constants by, by and bs are the inverses of the
carrying capacity of the populations of 7', N and F', respectively. The coefficients
of the competition terms among the different populations are the constants ¢y, ¢,
cs3, ¢4, 5, and cg is the coefficient of the term that models the contribution of F' to
the tumor growth rate. The constants ai, as, ag, and ay model the kill effectiveness

of the drug on I, T', N and F populations, respectively.

The equilibrium points of this model can be presented for two cases: no fat
(F =0) and fat present (F # 0).
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2.1 No fat in adipocytes, F' =0

When F' = 0 in our model without chemotherapy, all the equilibria are unstable.

We have named the points based on their biological interpretation as:

e Death: We name this point in this way because there are no normal cells
(N = 0) and the only present population is the immune cell population, P1 =
(dil,0,0, 0).

o Total cancer invasion: We call this point this way because N = 0 and the
tumor cell density is not zero, T' # 0. This means that the tumor has invaded
the organ because only the immune cells and cancer cells remain. This also
implies the death of the organism.The point has the form P, = (I,7,0,0).

o Tumor-free point. As the name indicates, in this point the tumor has been
eradicated because the variable 7" = 0 and we still have healthy cells. This
state represents the healthy equilibrium where only normal cells and immune

cells remain. It have the form P; = (d—sl, 0, é, 0).

o (Coexistence equilibrium: We name an equilibrium point of coexistence when-
ever all its rst three entries are non-zero, so we have these three populations

coexisting. We can nd one, two or three points of this type depending on the

parameter values, Py = (I,T,N,0).

2.2 Equilibria with fat in adipocytes F' # 0

For the following equilibrium points the existing fat in the organism is F' # 0.
These points play a important role because they could change their stability. These
equilibrium points are named using the same terminology of the previous equilibria

and they are:

o Death: PO, = (d—sl, 0,0, %) Only immune cells and fat are present. It is easy
to verify that this equilibrium point is always unstable. This state can not be
achieved in reality because it would imply that there are not healthy cells in

the organism.

o Total cancer invasion: POy = (I,T,0, F) is a state of death because there are
not normal cells. The stability of the equilibrium point changes depending on
the parameter values.

11

a0 5

population is zero. This point is stable when r + <Gt Its stability

o Tumor-free: Poz = ( ) is a healthy state because the tumor cell
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depends on the tumor growth rate, the interaction coecients and the source

rate of the immune system.

o Coezistence: POy = (I,T, N, F) is a state where all types of cells coexist. It
is possible to nd zero, one, two or three points of this type depending on the

parameter values. The stability depends on the parameter values.

3 Optimal control and chemotherapy

In this section, we briefly describe the optimal control approach and its relationship
with the chemotherapy. The optimal control problem consists of forcing the solution
of a system out an undesirable set at a given time. Let us denote the state variables
by (I,T,N, F,u) = (z1, %, 3, T4, T5).

In (121), the authors considered the objective functional as:
min J(x,v) = za(ty), (3.1)

which minimizes the final tumor size but not the total tumor size at the time interval.
Hence, we propose another objective which minimizes the total tumor size along with
the costs of chemotherapy, as:

tf

min  J(z,0) = L (xz(t)+;ev2(t)) dt, (3.2)

0
where € is the cost of chemotherapy per a unit of v. Moreover, in (121), the time
interval considered as [0,%f], i.e. the chemotherapy should be started before any
change in organism. As simulation results show, the tumor size is constant for the
first 5 days, i.e. ¢t € [0,5]. Thus, we assume t, = 5 days for starting the chemother-
apy treatment.

Now, the problem is minimizing the objective function in (3.2), subject to the equa-
tion system (2.1) and the constraint:

k(z,t,v) =x3(t) —0.75 >0, to<t<ty (3.3)

which keeps the normal cells above a minimum level of 75% of its normalized total
amount.

Following the classical control theory, we derive the associated hamiltonian for the
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optimal control problem:

H = xy(t) + ;EUQ(t) + Z(pz(t)fﬂi(t)) +n()k(?),

where the functions p;(t), are called the co-state variables, which satisfy p; = %, or
explicitly:
. PL2 _
= — ——— —Cxg—dy —a1(1 — e ) | + copox 3.4
b1 P <a+$2+u$4 112 1 1( )) 2P2L2 ( )
pp=-1-p ot pra)pm c11 | — pa(rs — 2ribiwy — com1 — €373 + 51y
! (Oé + 29 + [L.Z'4)2 ! !
(3.5)
—az(1—e™™)) + pscas + pacers (3.6)
P3 = Pac3Ty — P3(ry — 2robats — cawy — asz(l —e ™)) — (1) (3.7)
. Pr1T2 —2x
= — PaCay — pa(T3 — 2r3bsxy — cexo — ay(l — e ™ 3.8
P4 pl(a+x2+um4)2 PaCa®y — pa(rs 30324 6L2 a( ) (3.8)
Ps = € "7(p1a171 + P2asTy + P3asrs + paasty) + psds, (3.9)

where 7(t) < 0 with n(t)k(t) = 0 and

-1, if t) <0.75
n(t) = 1 wa(l) (3.10)
0, otherwise.

Foregoing costate system have the following boundary conditions:
pi(ty)) =0, i=1,2,--- 5.

Finally, the optimal control law is given by,

o0H

S = e +p(t) =0

which yields

o) = Bl (3.11)
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Numerical solutions of mathematical model on fractional

Lotka-Volterra equations

Haleh Tajadodi*

Department of Mathematics, University of Sistan and Baluchestan, Zahedan, Iran

Abstract:

In this paper, we present the solutions of fractional Lotka-Volterra equations
with the help of linear B-spline polynomials. The key-idea is to expand unknown
function in terms of the B-spline polynomials. In this way, we use the operational
matrices of fractional integration and multiplication. By using these matrices, the
given problem can be changed to the system of algebraic equations, and by solving
this system, we obtain the solutions of problem. Numerical results are demonstrated

the efficiency and simplicity of this technique for this historical biological model.

Keywords: Fractional differential equations; Lotka-Volterra model; B-spline.
Mathematics Subject Classification (2010): 34A08, 26A33.

1 Introduction

Fractional Calculus generalizes to real order the well known concept of derivative
and integral of integer order. Even if the birth of fractional calculus can be set at the
beginning of the 18th century, its use for the modeling of real-life problems is very
recent. Nevertheless, in the last decades the interest in fractional differential and
integral equations is rapidly growing and models involving fractional derivatives
and/or integrals are widely used in several fields. The reason why the fractional
derivative is more suitable to model real-world problems is related to its non-local
behavior that is able to introduce in a elegant way into the model, either memory

effects in time or non-locality in space. Systems of nonlinear differential equations

*Speaker: tajadodi.h@gmail.com,tajadodi@math.usb.ac.ir
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arise in many scientific models such as biological systems and are used in various
fields as engineering, chemistry, and ecology. In 1925, Lotka (125) developed the
motion of an evolutionary system based on two fundamental changes, those involv-
ing matter between components of a system and those involving exchanges of energy.
Unlike being grounded in chemistry, Lotka believed that these ideas could be ap-
plied to any biological system. In 1926, Volterra (127) developed the well-known
mathematical models of multispecies interaction. These models, the predator, prey
and competition models are known today as Lotka-Volterra models. In this paper,
we consider numerical solutions of fractional Lotka-Volterra models using B-spline

functions as:

Dy(t) = c(t)z(t)y(t) — d(t)y(t) (1.1)

where 0 < < 1,0 < f < 1 and a(t), b(t), c(t), d(t) are, respectively, the growth rate
of prey,the efficiency of the predators ability to capture theprey, the growth rate of
prey and the death rate of predator. D® is the differential operator of order « in

the sense of Caputo as following:

F(nla OtTHandT n—1l<a<mn, mnelN,
Diz(t) = (1.2)
dTL
%x(t), a=n

Also I}* the fractional Riemann-Liouville integral, namely (126):

1 (" z(r)
IFx(t) = dr, a>0. 1.3
oF5t) = 5757 ), ()
B-spline function is divided the interval into a collection of subintervals and con-
struct a different approximating polynomial on each subinterval. unknown function
is approximated with a linear B-spline functions. To this end, we use Operational
matrix of integration. In consequence, the diven problems convert to systems of al-

gebraic equations. Solutions of problem is obtained by solving the aforesaid systems
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2 Linear cardinal B-spline function on [0,1]

Boor et al. (123) define the explicit expression of Ny(t) (the linear B-spline function)

in the following form:

) t te0,1)
Ny(t) =, (k,)(—l)’“(t—k)+ =<2—t tel1,2) (2.1)
= 0 otherewise

Suppose N, () = Nao(27t—k), j,k € Z and Bjx = supp|N; ] = close{t : N; # 0}.

By inspection we have that
Bjr=[27k272+k)], jkeZ (2.2)

The support of N, () can be outside of [0, 1],therefore we have to define N, x(t) on
[0, 1]. Thus, we conclude that

Ok = Njp(O)xpu(t), j€Z (2.3)

As a result for k =0,1,---,2/ — 2 we have

2t — k E<t< i
2, /2 o .
N ) e R R R R Ty
i=0
0 otherewise
Also, left and right boundary scaling functions for k = —1,27 — 1 are, respective:
1—2g, 0<t< s,
Gj—1 = 7 (2.5)
0, otherewise,
and
20t — 20 + 1, 1- 4 <t<l,
Pjoi1 = Y (2.6)

otherewise.

)
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2.1 The function approximation

For a fixed j = J, a function z(¢) is defined over [0, 1] can be represented by B-spline

scaling functions as

291
p(t) = ) adiu(t) = CTO(t) (2.7)
k=—1
where
C =lc_1,c0,. . 01" (2.8)
D;(t) = [¢51(8), Bjo(t), s bz 1 ()] (2.9)
Then, ¢, can be obtained by
1 ~ .
= f z(t)o] (O)dt, k=-1,...,2 —1, (2.10)
0

where ggjyk is the vector of dual basis of ®;. By using the linear combinations of ¢;y,

the %,k are obtained as:

i = P70, (2.11)
where
——_— B}
12 24
11 1
1 1 24 6 24
P:J D (15 (1)t = (2.12)
0 11 1
24 6 24
11
| 24 12

where P is a symmetric (27 + 1) x (27 + 1) matrix. Replacing (2.11) in (2.10) we get

o ( f 1 x(t)¢§(t)dt) P (2.13)

0

2.2 Fractional integration within the operational matrix

The fractional integration of ¢; with respect to RiemannLiouville is given by

OIta(I)J(t) ~ IO‘(I)J(t)’ (214)
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where 1% is the (27 + 1) x (27 + 1) fractional operational matrix of integration for

B-spline function.
Proof: See (124).

2.3 The operational matrix of product

The operational matrices for the product C using linear B-spline function is given
by
CT(I)J(.%)(I)J(Z‘)T A CI)](Q?)TCA’, (215)

where C'is an (27 + 1) x (27 + 1) matrix.

Proof: For more information about operational matrix of product, refer to (124).

3 Numerical solutions of the problem

In this section, consider the fractional Lotka-Volterra equation (1.1) with intial

conditions

z(0) =90,  y(0) =~. (3.1)

We expand the fractional derivative in Eq.(1.1) by linear B-spline function ®; as

follows:
D(t) ~ XTd,(t),  D°y(t) ~YTd,(t) (3.2)

Applying the fractional integral operator on the both sides of Eq. (3.2) and by

replacing initial condition, we can obtain:

w(t) ~ XToI* + (1) +6 = (XTI + DD, (t) = XT04(1), (3.3)
y(t) =~ YToI) + ®,(t) +~v = (YTI? + eD)D,(t) = YD, (1) (3.4)

where 1%, I? are operational matrix of fractional integration and

€1 = [61—17 €10,-- -, 612]'71]21 (3-5)

ey = [ea—1, €20, . -, 622141]T (3.6)
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Also using (2.7), we approximate functions a(t), b(t), c(t), d(t) by the linear B-spline

basis as:
a(t) ~ AT®,(t),  b(t)~B'®,(t),  ct)~CTd,(t),  d(t)~ DT®,(t)(3.7)
Now, by substituting (3.3)-(3.7) into (1.1), we obtain

XT0,(t) = AT, (1)) (1) Xy — BT @, (4) X 0,()05 ()Y,
YT0,(t) = CT 0, (2) X, @, (1) @5 ()Y — DT, (1)@ (1)Yy (3.8)

Then, from (2.15) we have

AT, ()0, ()T XE ~ () TAXT = X, AT, (1),

BT, (t) X1 0, ()07 (1)Y] ~ B 0, ()0, ()" XYy = VX" B ,(t) (3.9)
CTo ;X0 ()@Y ()Y] ~ CT (1), (t)" X Y] = VX, CTO (1)
DT®,;(t)2;(t)"Y] ~ &,;(t)"DYS = Y3D"®,(t)

where C,, = CTI*, Now substituting Egs. (3.9) in Eq. (3.8) we obtain:

XT®,(t) = XoAT®,(t) — Y3X, T BT, (1)

YT, (t) = V3 X, TOT®,(t) — YaDTd (1) (3.10)
or
(XT - X AT + V3X,"BT)®,(t) = 0
YT —v3X,TCT + V3D ,(t) = 0 (3.11)
Finally,
X7 = X AT + v X, " BT =0
VT — Y3 X, TCT +v3DT =0 (3.12)

The vector X,Y can be obtained by solving the above system. Consequently de-
termine the approximate value of X(t),Y(¢) can be calculated from (3.3). We
solve the fractional Lotka-Volterra predator-prey system (1.1) with initial condi-
tions x(0) = 1.3,y(0) = 0.6 and a(t) = t,b(t) =,c(t) = t,d(t) = 1. Fig. 1 is shown
numerical results for J = 3 and different values of a = 5 =1,0.95,0.9.
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Figure 1: Numerical solutions z(t), y(t) for different values of «, 8
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